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ABSTRACT  (Minmum  200  worm) 

The  use  of  passive  devices  to  obtain  drag  and  noise  reduction  or  transition 
delays  in  boundary  layers  is  highly  desirable.  One  such  device  that  shows  promise 
for  hydrodynamic  applications  is  the  compliant  coating.  In  previous  two-dimensional 
studies  with  a  mechanical  model  representing  the  compliant  wall,  coatings  were  found 
that  provided  significant  transition  delays.  The  present  study  extends  the 
mechanical  model  to  allow  for  three-dimensional  waves.  Previous  studies  were 
concerned  with  the  initial  linear  stage  of  transition.  In  this  study  we  also  look 
at  the  effect  of  compliant  walls  on  three-dimensional  secondary  instabilities. 


For  the  primary  and  secondary  instability  analysis,  spectral  and  shooting 
approximations  are  used  to  obtain  solutions  of  the  governing  equations  and  boundary 
:onditions.  The  spectral  approximation  consists  of  local  and  global  methods  of 
solution  while  the  shooting  approach  is  local.  The  global  method  is  used  to 
letermine  the  discrete  spectrum  of  eigenvalues  without  any  initial  guess.  The  local 
aethod  requires  a  sufficiently  accurate  initial  guess  to  converge  to  the  eigenvalue. 
Eigenvectors  may  be  obtained  with  either  local  approach. 
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Abstract  (cont'd.) 


For  the  initial  stage  of  this  analysis,  two-  and  three-dimensional  primary 
instabilities  propagate  over  compliant  coatings.  Results  over  the  compliant  walls 
are  compared  with  the  rigid  wall  case.  Three-dimensional  instabilities  are  found  to 
dominate  transition  over  the  compliant  walls  considered.  However,  transition  delays 
are  still  obtained  compared  with  transition  delay  predictions  for  rigid  walls.  The 
angles  of  wave  propagation  are  plotted  with  Reynolds  number  and  frequency.  Low 
frequency  waves  are  found  to  be  highly  three-dimensional.  Waves  of  all  frequencies 
approach  two-dimensional  dominance  as  they  propagate  downstream.  Calculations  at. 
fixed  Reynolds  numbers  are  also  presented.  The  results  indicate  that  the  dominant 
mode  for  the  coatings  considered  occurs  for  an  oblique  angle  of  approximately  40- 
60!  Other  modes  of  instability  namely  Travelling- Wave  Flutter  and  Static - 
Divergence  that  arise  as  a  result  of  the  wall  compliance  are  shown  to  remain 
marginally  stable  for  oblique  waves. 

In  the  second  stage  of  this  study,  the  effect  of  compliant  walls  on  secondary 
instabilities  in  boundary  layer  transition  is  determined.  A  theory  developed  by 
Herbert  to  represent  secondary  instabilities  for  two-dimensional  primary 
instabilities  is  extended  to  allow  for  three-dimensional  waves.  Results  for  the 
secondary  instabilities  with  the  dominant  two-dimensional  and  three-dimensional 
primary  instabilities  over  compliant  walls  are  compared  with  the  rigid  wall  results. 


The  effect  of  the  variation  of  amplitude  and  spanwise  wavenumber  on  the 
secondary  instabilities  is  examined.  Similar  to  the  rigid  wall  results,  the 
subharmonic  mode  of  sec-. -iary  instability  dominates  low  amplitude  disturbances  for 
compliant  walls.  Both  inotropic  and  non- isotropic  compliant  walls  lead  to  reduced 
secondary  growth  rates  compared  with  the  rigid  wall  results.  For  three-dimensional 
primary  instabilities,  real  and  complex  conjugate  eigenvalues  no  longer  occur.  As 
the  angle  of  wave  propagation  increases  the  shift  in  the  phase  velocity  of  the  modes 
of  instability  increase.  For  fixed  properties,  the  growth  rates  for  oblique  waves 
decrease  for  the  rigid  and  compliant  walls.  Two-  and  three-dimensional  en 
calculations  for  secondary  instabilities  were  carried  out.  The  compliant  walls 
supress  the  amplification  of  the  secondary  instabilities.  Thus  by  suppressing  the 
amplification  of  primary  instabilities,  the  onset  of  the  explosive  growth  of  the 
secondary  instabilities  can  be  delayed. 
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Calculations  at  fixed  Reynolds  numbers  are  also  presented.  These  results  indicate 
that  the  dominant  mode  for  the  coatings  considered  occurs  for  an  oblique  angle 
of  approximately  40°-60°.  Other  modes  of  instability  namely  Travelling-Wave 
Flutter  and  Static-Divergence  that  arise  as  a  result  of  the  wall  compliance  are 
shown  to  remain  marginally  stable  for  oblique  waves. 

In  the  second  stage  of  this  study,  the  effect  of  compliant  walls  on  secondary 
instabilities  in  boundary  layer  transition  is  determined.  A  theory  developed  by 
Herbert  to  represent  secondary  instabilities  for  two-dimensional  primary  instabil¬ 
ities  is  extended  to  allow  for  three-dimensional  waves.  Results  for  the  secondary 
instabilities  with  the  dominant  two-dimensional  and  three-dimensional  primary 
instabilities  over  compliant  walls  are  compared  with  the  rigid  wall  results. 

The  effect  of  the  variation  of  amplitude  and  spanwise  wavenumber  on  the  sec¬ 
ondary  instabilities  is  examined.  Similar  to  the  rigid  wall  results,  the  subharmonic 
mode  of  secondary  instability  dominates  low  amplitude  disturbances  for  compli¬ 
ant  walls.  Both  isotropic  and  non-isotropic  compliant  walls  lead  to  reduced  sec¬ 
ondary  growth  rates  compared  with  the  rigid  wall  results.  For  three-dimensional 
primary  instabilities,  real  and  complex  conjugate  eigenvalues  no  longer  occur.  As 
the  angle  of  wave  propagation  increases  the  shift  in  the  phase  velocity  of  the 
modes  of  instability  increase.  For  fixed  properties,  the  growth  rates  for  oblique 
waves  decrease  for  the  rigid  and  compliant  walls.  Two-  and  three-dimensional 
en  calculations  for  secondary  instabilities  were  carried  out.  The  compliant  walls 
supress  the  amplification  of  the  secondary  instabilities.  Thus  by  suppressing  the 
amplification  of  primary  instabilities,  the  onset  of  the  explosive  growth  of  the 
secondary  instabilities  can  be  delayed. 
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CHAPTER  1 
INTRODUCTION 

1.1  Review  of  Boundary  Laver  Transition 

A  review  of  Boundary  Layer  Theory  is  a  formidable  task.  To  mention  all  of 
the  notable  papers  in  this  subject  is  an  impossible  undertaking.  In  this  section 
we  will  not  even  attempt  such  a  review.  Instead  we  will  discuss  a  few  of  the 
investigations  in  boundary  layer  theory  that  form  some  of  the  pieces,  which  when 
combined,  lead  to  a  better  understanding  of  the  physical  processes  involved  in 
boundary  layer  transition. 

The  problem  of  transition  from  laminar  to  turbulent  flow  in  boundary  layers 
is  of  practical  interest.  Laminar  boundary  layers  have  a  much  lowrer  skin  friction 
compared  with  the  turbulent  counter  part.  This  makes  the  presence  of  a  laminar 
boundary  layer  flow  more  desirable  than  the  turbulent  in  many  circumstances. 
In  application,  a  savings  of  fuel  would  be  obtained  if  laminar  flow'  can  be  main¬ 
tained  for  high  speed  vehicles  such  as  airplanes  since  skin  friction  drag  accounts 
for  a  significant  percentage  of  the  total  drag.  Additionally,  a  laminar  boundary 
layer  produces  less  noise  which  is  important  for  underwater  vehicles  such  as  sub¬ 
marines  and  projectiles  such  as  torpedoes.  Although  laminar  boundary  layers  are 
preferred,  some  circumstances,  such  as  adverse  pressure  gradients,  lead  to  sepa¬ 
ration  or  large  Reynolds  number  flows  where  turbulent  flow  is  inevitable.  In  the 
previous  case  turbulent  boundary  layers  are  preferred.  Therefore  it  is  highly  de¬ 
sirable  to  predict  and  control  whether  the  flow  is  laminar  or  turbulent.  Decades  of 
research  have  focused  on  this  problem.  Smith  (1956)  and  Smith  and  Gamberoni 
(1956)  and  van  Ingen  (1956)  developed  a  method  known  as  the  en-criterion  for 
transition  prediction.  It  is  empirical  and  therefore  must  be  limited  to  a  known 
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data  base  of  information.  This  became  the  standard  tool  in  engineering  practice 
for  lack  of  anything  else.  Numerical  transition  simulations  have  gained  reliability 
in  the  past  decade.  Theoretical  tools  hold  an  important  place  in  identifying  mech¬ 
anisms  and  structures  of  transition  and  turbulent  flows  which  have  been  observed 
but  not  yet  explained  or  understood.  Stability  theory  is  one  of  these  important 
theoretical  tools  which  has  made  some  progress  since  its  beginning. 

Since  there  is  a  multitude  of  external  forces  (i.e.  noise,  particles,  roughness, 
etc.)  that  can  affect  the  boundary  layer,  a  general  theory  of  transition  has  yet  to 
be  developed.  How  the  mechanisms  are  ingested  into  the  boundary  layer  is  de¬ 
noted  as  “receptivity.”  Receptivity  is  the  means  by  which  a  particular  disturbance 
enters  the  viscous  boundary  layer  and  the  nature  by  which  it  leaves  its  impact  on 
the  disturbance  flow.  If  these  disturbance  levels  are  sufficiently  small,  they  will 
tend  to  excite  free  disturbances  which  are  normal  modes  such  as  the  Tollmien- 
Schlichting  wave.  The  study  of  receptivity  is  a  major  area  of  interest  in  itself  and 
will  not  be  addressed  here.  For  a  review  of  receptivity  refer  to  Reshotko  (1984). 
We  concentrate  on  the  situation  in  which  receptivity  has  established  low  level 
disturbances  inside  the  boundary  layer.  These  disturbances  have  a  sufficiently 
small  amplitude  so  nonlinear  modifications  of  the  mean  flow  are  negligible  and 
the  dynamic  behavior  of  the  normal  modes  are  governed  by  linearized  disturbance 
equations  which  form  an  eigenvalue  problem.  We  further  focus  our  discussion  on 
boundary  layers  over  flat  plates  which  have  two-dimensional  mean  flows.  This 
in  fact  neglects  the  centrifugal  instabilities  of  Gortler  vortices,  cross-flow  vortices 
and  the  various  modes  of  interaction.  A  review  of  the  understanding  of  these 
three-dimensional  instabilities  is  given  by  Reed  and  Saric  (1986). 

In  the  study  of  stability  of  a  fluid,  the  basic  equations  take  the  form  of  non¬ 
linear  partial  differential  equations.  Due  to  the  complications  with  such  systems, 
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simplifications  are  made.  In  order  to  proceed  in  the  understanding  of  the  sys¬ 
tem,  linear  approximations  are  made.  The  first  major  theoretical  contributions 
to  the  study  of  this  field,  labelled  Hydrodynamic  Stability  Theory,  was  made 
by  Helmholtz  (1868),  Reynolds  (1883),  Kelvin  (1880),  and  Rayleigh  (1878,  1880, 
1887).  These  initial  investigations  neglected  the  effects  of  viscosity.  Viscous  terms 
and  the  term  with  the  second  derivative  of  the  mean  velocity  proved  to  be  of  key 
importance  in  explaining  boundary  layers. 

Boundary  layer  disturbances  in  the  initial  stages  of  transition  are  governed 
by  linearized  dynamic  equations.  The  instabilities  are  commonly  referred  to  as 
Tollmien-Schlichting  instability  waves(TSI)  after  the  work  of  Tollmien  (1926)  and 
Schlichting  (1933).  Experiments  confirming  their  studies  were  conducted  by  Liep- 
mann  (1943)  and  Schubauer  and  Skramstad  (S&S)  (1947).  Experiments  require 
a  low  background  of  disturbance  level  and  the  introduction  of  controlled  oscilla¬ 
tions.  A  small  two-dimensional  disturbance  was  introduced  by  a  vibrating  ribbon 
for  the  experiments  of  S&S.  The  equations  governing  linear  instabilities  for  lo¬ 
cally  parallel  flows  are  the  Orr-Sommerfeld  equation  after  the  work  of  Orr  (1907) 
and  Sommerfeld  (1908)  and  the  Squire’s  equation  after  the  work  of  Squire  (1933). 
Squire  highlighted  the  two-dimensional  wave  using  a  transformation  from  three 
to  two  dimensions  since  he  showed  that  an  equivalent  two-dimensional  problem 
may  be  formulated.  He  showed  that  the  dominant  instability  is  two-dimensional. 
However,  oblique  waves  or  streamwise  vortices  cannot  be  considered  irrelevant  as 
we  will  emphasize  in  the  present  study. 

A  view  of  the  instability  picture  consists  of  an  irregular  pattern  of  three- 
dimensional  wave  packets  with  non-uniform  frequencies.  Usually  assumptions  are 
made  to  simplify  the  analysis  of  studies  since  the  total  solution  is  unattainable 
presently.  If  nonlinear  coupling  is  ignored,  individual  components  of  the  frequency 
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spectrum  may  be  studied.  More  over,  most  studies  make  this  assumption  and  it 
will  be  employed  in  this  investigation.  Similarly,  the  rigid  wall  theoretical  analysis 
begins  with  two-dimensional  travelling  TSI  waves.  The  TSI  waves  are  referred 
to  as  primary  instabilities  since  additional  instabilities  arise  as  a  result  of  the 
vorticity  of  this  instability.  Temporal  and  spatial  stability  concepts  change  the 
streamwise  growth  slightly  but  provide  a  common  curve  of  neutral  stability.  This 
curve  marks  the  region  where  a  disturbance  neither  grows  nor  decays  in  frequency- 
Reynolds  number  space.  This  marks  the  region  of  growth  for  disturbances  with 
suitable  frequencies.  The  disturbance  enters  the  region  of  growth  as  it  travels 
downstream.  At  the  upper  portion  of  the  curve  it  ceases  to  growth  and  becomes 
damped  after  crossing  the  curve.  Further  discussion  of  the  neutral  curves  will  be 
given  in  a  later  section.  This  concept  outlines  spatially  growing  waves  since  Gaster 
(1962)  showed  that  growth  rate  predictions  made  spatially  were  quantitatively 
more  correct  than  temporal.  Several  studies  have  been  conducted  on  the  effects  of 
non-parallelism.  Among  these  are  Gaster  (1974),  Saric  and  Nayfeh  (1977),  Bridges 
and  Morris  (1984b),  and  Fasel  and  Konzelmann  (1990).  The  major  conclusion  of 
these  studies  was  that  the  effect  of  non-parallelism  is  to  enlarge  the  neutral  curve 
moderately,  most  predominantly  for  high  frequencies. 

An  accurate  process  of  transition  from  a  laminar  to  turbulent  boundary  layer 
can  best  be  qualitatively  understood  by  observations.  A  sketch  of  transition  from 
the  initial  two-dimensional  travelling  wave  to  turbulence  is  given  by  Yurchenko, 
Babenko,  and  Kozlov  (1984)  and  shown  in  Figure  1.1.  The  most  significant  effect 
of  the  TSI  waves  is  the  breakup  of  the  uniform  flow  (Figure  l.lb-c).  This  is  char¬ 
acterized  by  a  redistribution  of  the  spanwise  vorticity  into  periodic  concentrations 
near  the  critical  layer.  The  critical  layer  ends  at  the  location  in  which  the 
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Figure  1.1  A  sketch  of  transition  to  turbulence  in  a  boundary  layer:  a- 
amplification  of  plane  disturbances;  b-phase  modulation  of  the  wave  while  three- 
dimensional  effects  appear;  c-amplitude  modulation  of  waves  with  peak  and  valley 
formation;  d-organized  longitudinal  vortex  system;  e-intensity  changes  of  vortic- 
ity  and  active  formation  of  spots  developing  into  a  turbulent  boundary  layer 
(Yurchenko,  Babenko,  and  Kozlov;  1984). 


6 


wave  speed  equals  the  mean  velocity.  These  waves  grow  on  a  slow  viscous  scale 
between  the  neutral  curve,  then  decay.  The  question  then  arises  as  to  how  these 
two-dimensional  waves  which  grow  and  decay  are  related  to  turbulence  which 
is  violent,  three-dimensional  and  of  high  frequency.  Other  than  the  concern  of 
“receptivity,”  this  is  the  major  question  that  is  addressed  today  in  boundary 
layer  transition.  A  partial  answer  to  this  question  is  available  and  given  in  the 
remaining  portion  of  this  review. 

As  with  the  observations  of  Yurchenko  et  al.,  a  number  of  experiments  were 
conducted  on  transition.  The  pioneering  investigation  was  conducted  by  Kle- 
banoff,  Tidstrom  (1959),  and  Sargent  (1962)  where  they  observed  the  three- 
dimensional  nature  of  interest.  They  observed  a  distinct  arrangement  of  A-shaped 
vortices  which  are  characterized  as  aligned  in  rows.  These  are  referred  to  as  fun¬ 
damental  mode  or  peak-valley  splitting.  An  alternative  distinct  three-dimensional 
mode  consists  of  A-shaped  vortices  which  are  staggered.  This  is  referred  to  as 
subharmonic  mode  or  peak-valley  alignment.  This  later  three-dimensional  mode 
was  observed  and  measured  using  a  hot-wire  by  Kachanov,  Levchenko,  and  Kozlov 
(1979,  84)  and  Saric,  Kozlov,  and  Levchenko  (1984).  A  sketch  of  the  subharmonic 
and  fundamental  modes  of  secondary  instability  is  shown  in  Figure  1.2.  A  combi¬ 
nation  of  these  three-dimensional  instabilities  can  occur  also.  These  are  referred 
to  as  detuned  modes.  At  sufficiently  low  amplitude  of  the  TSI  wave,  the  wave 
grows  and  decays.  At  a  larger  amplitude,  this  thre  .-dimensional  structure  evolves. 
After  the  three-dimensionality  sets  in,  the  highly  inflectional  instantaneous  ve¬ 
locity  profiles  become  unstable  with  respect  to  high-frequency  disturbances.  This 
causes  “spikes”  in  the  hot-wire  signal.  Eventually  breakdown  to  turbulence  oc¬ 


curs. 


Figure  1.2  A  sketch  of  the  a-subharmonic  and  b-fundamental  modes  of  sec¬ 
ondary  instability  (Bertolotti;  1985). 
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Out  of  these  experiments  numerous  attempts  have  been  made  to  try  to 
explain  the  three-dimensional  phenomena  by  using  weakly  nonlinear  models. 
Among  these  Benney  and  Lin  (1960)  proposed  a  nonresonant  model  in  which  a 
two-dimensional  wave  with  wavenumber  (a+,0)  interacts  with  two  oblique  waves 
(a+,±/?+).  Further  work  on  the  nonresonant  model  was  conducted  by  Benney 
(1964)  and  discussed  more  recently  in  a  review  by  Benney  and  Chow  (1987).  This 
nonresonant  model  is  crude  and  has  its  limitations  as  Benney  admits.  However, 
the  approach  does  predict  flow  patterns  qualitatively.  Stuart  (1962)  criticized 
the  Benney-Lin  model.  He  argued  that  a  phase  change  would  occur  between  the 
waves  due  to  the  different  wave  speeds.  This  would  not  agree  with  observations. 
Herbert  and  Morkovin  (1979)  proposed  a  model  of  the  two-dimensional  wave 
(a+,0)  interacting  with  longitudinal  vorticity  (0,/?+).  Both  interaction  models 
have  failed  to  fully  reproduce  the  characteristics  of  the  peak- valley  splitting. 

Another  weakly  nonlinear  theory  was  suggested  by  Craik  (1971).  He  pro¬ 
posed  a  resonant  triad  model  which  consists  of  a  TSI  wave  (a+,0)  and  two  sub¬ 
harmonic  oblique  waves  (a+/2,±/?+)  with  twice  the  spanwise  wavelength  of  the 
TSI  wave.  Craik’s  results  suited  the  experiments  by  Klebanoff  et  al.  at  a  high 
frequency.  Subharmonic  resonance  was  found  for  peak-valley  alignment,  but  the 
application  of  Craik’s  model  is  limited  and  does  not  explain  the  behavior  of  the 
three-dimensional  modes. 

These  weakly  nonlinear  theories  fail  to  model  the  physical  phenomena.  Ad¬ 
ditionally,  since  these  are  of  the  perturbation  family,  the  accuracy  and  conver¬ 
gence  of  the  solution  is  dependent  on  whether  the  perturbation  “parameter”  is 
sufficiently  small. 

Direct  numerical  simulations  of  boundary  layer  transition  have  been  per¬ 
formed  by  Wray  and  Hussaini  (1980)  and  Zang  and  Hussaini  (1988,  1989).  This 
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is  possible  due  only  to  advances  in  computers  and  computational  methods.  Ad¬ 
ditionally  a  spatial  growing  analysis  has  been  performed  by  Fasel,  Rist,  and 
Konzelmann  (1987).  Numerous  obstacles  remain  with  simulations  of  this  type. 
Insufficient  resolution  is  present  for  the  nonlinear  stages  of  the  three-dimensional 
development.  Additionally,  computations  suffer  from  the  inability  to  specify 
outflow  conditions  properly.  Although  numerical  and  experimental  results  are 
similar,  the  numerical  studies  have  lacked  the  ability  of  predicting  the  point  of 
transition.  This  is  due  to  the  fact  that  most  studies  have  been  performed  tempo¬ 
rally. 

Up  to  this  point,  several  experiments  have  been  performed  identifying  the 
occurrence  of  peak-valley  splitting  (fundamental),  peak- valley  alignment  (sub¬ 
harmonic)  and  combination  (detuned)  modes  of  three-dimensional  instabilities. 
A  revised  picture  of  how  these  modes  occur  was  suggested  by  Orszag  and  Patera 
(1980,  1981)  and  Herbert  (1981).  Previously,  the  three-dimensionality  was  at¬ 
tributed  to  spanwise  differential  amplifications  of  the  TSI  wave  and  the  onset  of 
spikes  were  considered  to  arise  from  secondary  instabilities.  They  suggested  that 
the  exponential  growth  of  the  small  three-dimensionality  was  due  to  a  secondary 
instability  mechanism.  The  initial  proposal  was  solved  for  channel  flow  through 
use  of  Floquet  theory.  This  new  theory  was  later  introduced  by  Herbert  (1983)  to 
solve  the  boundary  layer  stability  problem  that  provided  results  consistent  with 
the  experiments  of  Klebanoff  et  al.  for  peak-valley  splitting  and  Kachanov  et  al. 
for  peak-valley  alignment.  This  theory  of  secondary  instability  agreed  with  the 
numerical  simulations  of  Spalart  and  Yang  (1987).  Herbert’s  theory  is  based  on 
the  assumption  that  the  mean  flow  is  not  altered  by  the  primary  instability.  The 
mean  and  primary  flow  form  the  basic  flow  upon  which  a  disturbance(secc  4dary) 
is  imposed.  The  coordinate  reference  frame  is  transformed  to  one  moving  with  the 
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primary  wave.  This  gives  a  periodic  wave  with  a  constant  amplitude.  This  is  valid 
with  the  assumption  that  the  secondary  instability  grows  much  faster  than  the 
primary.  A  form  of  solution  is  found  from  Floquet  theory.  Herbert  has  shown  the 
application  of  this  new  theory  and  when  previous  models  (i.e.  Craik,  Benney  and 
Lin)  apply.  The  main  results  that  are  found  from  this  new  theory  are  as  follows. 
First,  three-dimensional  secondary  instabilities  can  lead  to  different  disturbance 
characteristics.  Peak-valley  splitting  arising  from  primary  resonance  with  the  TSI 
wave  occurs  when  the  TSI  amplitude  reaches  some  threshold.  Subharmonic  res¬ 
onance  (peak-valley  alignment)  can  occur  at  even  smaller  amplitudes.  Secondly, 
these  secondary  instabilities  originate  from  the  redistribution  of  spanwise  vortic- 
ity  into  regions  of  streamwise  periodicity  near  the  critical  layer.  Growth  of  the 
three-dimensional  modes  arise  from  vortex  stretching  and  tilting.  Next  a  link 
exists  between  the  primary  instability  and  the  three-dimensional  modes.  Finally, 
the  calculated  growth  rates  and  velocities  are  consistent  with  experiments. 

A  series  of  recent  experiments  have  been  conducted  by  Corke  (1987)  and 
Mangano  (1987).  As  with  the  previous  theory,  these  experiments  are  directed 
at  measuring  the  resonant  interactions  in  the  boundary  layer  instabilities.  Reso¬ 
nant  growth  occurs  through  the  simultaneous  forcing  of  plane  TSI  waves  (a+,0) 
and  oblique  waves  (a+/2,±/?+).  This  promotes  the  interaction  of  other  modes 
of  the  form  (3o+/2,  ±/?+ ),  (5a+/2,  ±/?+),  (a+/2,  ±2/?+),  and  (0,±2/?+).  Both 
subharmonic  and  fundamental  secondary  modes  were  found  to  exist  in  the  Blasius 
boundary  layer.  The  parametric  interaction  led  to  a  loss  of  phase  locking  and  a 
rapid  spectral  filling  associated  with  transition  to  turbulence. 

The  alternative  root  to  transition  was  not  addressed  but  is  of  importance. 
If  the  amplitude  of  the  ingested  disturbance  is  large  enough,  the  linear  region  of 
transition  is  by-passed  and  nonlinearities  dominate.  Murdock  (1977)  and  Mur- 
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dock  and  Taylor  (1977)  looked  at  this  large  amplitude  nonlinear  wave  interactions. 
Similar  studies  were  conducted  by  Fasel  (1974,  1976)  using  direct  numerical  sim¬ 
ulations.  The  results  of  this  system  are  amplitude  dependent. 

A  significant  number  of  investigations  have  been  undertaken  with  the  goal 
of  understanding  and  predicting  transition.  This  review  noted  only  a  few  of 
the  many  important  contributions.  These  were  limited  to  two-dimensional  TSI 
waves  introduced  into  a  mean  flow  over  a  flat  plate.  Further,  theories  were 
discussed  to  model  the  secondary  instability  mechanism.  In  the  past  decade 
significant  progress  has  been  made  in  modeling  the  physical  mechanisms  that 
make  up  transition.  There  are  still  many  more  problems  to  be  considered  and 
overcome  including  modeling  the  fully  nonlinear  mechanisms  as  well  as  come  up 
with  a  more  comprehensive  theory  to  predict  transition. 

We  have  only  touched  on  the  subject  of  transition  to  turbulence  in  a  boundary 
layer.  A  number  of  other  investigations  have  focused  on  transition  and  turbulence, 
but  were  not  discussed.  Some  of  these  are  Stuart  (1958,  1960),  Raetz  (1959), 
Maseev  (1968),  Landahl  (1972),  Saric  and  Reynolds  (1979),  Blackwelder  (1979), 
Nayfeh  and  Bozatli  (1979),  Nayfeh  and  Padhye  (1979),  Nayfeh  (1985),  Thomas 
(1986),  Hall  and  Smith  (1988),  and  Smith  (1988).  Only  a  few  of  the  numerous 
important  papers  could  be  listed  in  this  text.  More  complete  reviews  are  given 
by  Dryden  (1955),  Stewartson  (1975),  Tani  (1977),  Maslowe  (1981),  Morkovin 
(1983),  Reshotko  (1986),  Herbert  (1988b),  and  Bayly,  Orszag  and  Herbert  (1988). 

In  the  present  investigation  we  will  make  use  of  the  linear  and  secondary 
instability  theories  for  the  study  of  boundary  layer  transition  over  a  compliant 
wall.  Before  the  compliant  wall  model  and  the  motivation  and  goal  of  this  study 
are  introduced,  a  review  of  compliant  wall  research  will  be  given  below. 
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1.2  Review  of  Compliant  Wall  Research 

There  is  an  ever-increasing  demand  for  new  technologies  to  increase  the 
efficiency  of  commercial  and  military  transportation  (i.e.  aircraft,  ships,  sub¬ 
marines,  etc.).  This  arises  from  the  increasing  costs  of  fuel.  For  aircraft,  ships, 
and  underwater  vehicles,  skin  friction  drag  can  account  for  a  considerable  per¬ 
centage  of  the  total  drag.  Any  decrease  in  viscous  drag  would  lead  to  a  more 
efficient  vehicle  and  corresponding  fuel  savings.  And  since  laminar  boundary 
layer  flows  have  a  much  lower  skin  friction  than  turbulent,  it  is  highly  desirable 
to  maintain  laminar  flow  if  possible.  One  such  passive  device  that  shows  promise 
in  delaying  this  onset  of  turbulence  is  the  compliant  wall.  In  practise,  the  use  of  a 
compliant  wall  to  delay  transition  to  turbulence  would  occur  for  small  projectiles 
where  turbulent  flow  would  otherwise  occupy  a  small  percentage  of  the  surface. 
In  the  present  study,  a  compliant  wall  will  be  used  with  this  limitation  in  mind. 
Before  we  discuss  the  goals  of  this  investigation,  a  review  of  the  use  of  compliant 
walls  for  transition  delays  will  be  given. 

The  road  to  understanding  a  physical  process  can  best  be  undertaken  by 
observing  the  process  as  it  occurs  in  nature.  It  is  through  these  observations  that 
we  may  form  our  understanding  of  a  phenomenon.  This  is  precisely  what  led 
to  the  proposed  theories  for  instabilities  in  transition  that  were  discussed  in  the 
previous  section.  This  is  also  how  compliant  coating  research  began. 

The  particulars  concerning  the  shapes,  sizes,  and  speeds  of  fish  and  various 
marine  mammals  began  as  early  as  1919.  Since  then  expeditions  and  studies 
have  been  conducted  to  eliminate  conflicting  reports.  The  results  of  these  stud¬ 
ies  have  inspired  further  work  concerned  with  understanding  the  propulsive  and 
flow  characteristics  of  these  fish  and  mammals.  Gawn  (1948)  did  a  study  on 
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the  propulsive  efficiency  of  the  whale.  Similarly,  Gray  (1957)  talked  about  the 
efficiencies  of  various  fish,  a  dolphin,  and  a  whale.  Gray  was  clever  to  focus  on  a 
seeming  inconsistency  between  nature  and  what  was  currently  known  about  hy¬ 
drodynamics.  Gray  notes  that  for  the  speeds  that  the  dolphin  and  whale  achieve, 
physiologists  argue  that  an  intolerable  strain  would  be  placed  on  their  hearts  in 
order  to  generate  sufficient  power  for  motion  through  turbulence.  On  the  other 
hand,  the  power  was  sufficient  for  laminar  flow.  Most  aerodynamic  and  hydro- 
dynamic  engineers  would  consider  an  absence  of  turbulence  at  the  dolphin  and 
whale  speeds  unlikely.  So  wre  have  a  seeming  controversy  between  the  physiologist 
and  engineer  concerning  these  mammals.  This  was  known  as  Gray’s  Paradox.  An 
explanation  of  Gray’s  Paradox  was  suggested  by  Lang  and  Pryor  (1966).  Some 
of  the  observations  of  dolphins  swimming  at  high  speeds  resulted  from  assisted 
locomotion  where  the  ships’  waves  or  the  bow  pressure  field  added  to  the  thrust 
of  the  animals.  It  ha 5  been  argued  that  many  of  the  sighted  short-term  bursts 
of  speed  can  be  explained  by  the  great  power  output  of  the  muscles  that  go  into 
a  state  of  “oxygen  debt.”  Finally,  it  was  demonstrated  that  the  speed  and  time 
duration  are  linked  and  that  the  power  required  for  the  speeds  in  the  range  re¬ 
ported  by  Gray  could  be  attained  for  a  few  seconds.  Ending  this  comment  on 
Gray’s  Paradox,  let  us  continue  with  the  review. 

It  was  not  until  the  mid  1950’s  that  an  explanation  was  proposed  by  Kramer 
(1957-65).  He  attempted  to  exploit  the  “dolphin’s  secret”  technologically.  Kramer 
made  detailed  observations  and  experiments  of  the  properties  and  characteristics 
of  the  dolphin’s  epidermis.  Shown  in  Figure  1.3  is  the  complex  structure  imbedded 
in  the  dolphin  skin.  The  epidermis  consists  of  several  layers.  In  general,  the  outer 
most  layer  may  be  compared  to  a  plate  of  soft  rubber.  The  next  layer  contains 
many  thin  ribs  which  connect  the  top  “plate”  with  the  hide.  Between  the  ribs  are 
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Figure  1.3  Cross-section  of  the  epidermis  of  a  dolphin  (Kramer;  1965). 
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narrow  ducts  which  contain  soft  spongy  material  that  are  water  logged.  These 
ducts  are  aligned  parallel  to  the  flow  direction.  Although,  Kramer  had  an  im¬ 
perfect  understanding  of  the  structure  and  function  of  the  dolphin  epidermis,  he 
designed  a  rubber  coating  (i.e.  compliant)  based  on  his  observations.  From  a  se¬ 
ries  of  experiments  conducted  in  Long  Beach  Harbor,  California  U.S.A.,  Kramer 
was  able  to  achieve  a  60  percent  drag  reduction  with  one  of  his  coatings  covering  a 
projectile  compared  to  the  uncoated  projectile.  The  Kramer  coating  consisted  of 
a  thin  rubber  diaphragm  supported  by  short  rubber  stubs.  A  sketch  of  Kramer’s 
coating  is  given  in  Figure  1.4.  The  space  between  the  stubs  was  filled  with  a 
viscous  fluid.  This  coating  has  many  of  the  characteristics  of  the  dolphin  skin. 
Kramer’s  initial  postulation  that  the  dolphin  was  able  to  sustain  a  laminar  flow 
was  changed.  Instead  Kramer  suggested  that  the  transition  to  turbulence  could  be 
suppressed,  or  delayed,  by  viscous  damping  within  the  wall.  For  viscous  damp¬ 
ing  in  the  wall  to  work,  the  wall  compliance  must  be  soft  enough  for  the  wall 
to  respond  favorably  to  the  fluctuations  due  to  the  disturbance  in  the  flow.  If  a 
transition  delay  over  these  coatings  was  achieved,  then  significant  drag  reductions 
may  be  realized  as  a  result  of  lower  skin  friction. 

Kramer’s  compliant  invention  is  of  great  importance  for  hydrodynamic  appli¬ 
cations.  A  reduced  drag  means  a  savings  of  energy  expended.  Further  a  transition 
delay  means  that  bodies  may  move  with  greater  speeds  prior  to  turbulence.  These 
coatings  would  have  distinct  advantages  acoustically  since  laminar  flows  are  qui¬ 
eter  than  turbulent  flows. 

Since  Kramer’s  results  were  so  astounding  and  the  prospective  applications  so 
great,  several  experimental  and  theoretical  studies  were  undertaken  to  duplicate 
and  explain  Kramer’s  findings.  Experiments  in  the  1960-70’s  were  conducted  by 
Gregory  and  Love  (1961),  Babenko  (1973),  and  others.  No  experimental  results 
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Figure  1.4  A  sketch  of  Kramer’s  rubber  coating  (Kramer;  1965). 
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to  date  have  affirmed  Kramer’s  results.  It  is  pertinent  that  an  appropriate  choice 
of  wall  properties  be  used.  These  experiments  may  not  have  used  appropriate 
coatings  for  their  studies.  Only  recently,  experiments  have  been  conducted  by 
Daniel  (1984-86),  Willis  (1986),  and  Gaster  (1987)  that  show  favorable  results 
using  compliance.  Their  experiments  were  conducted  in  a  long  water  towing  tank 
at  BMT  in  the  United  Kingdom.  A  disturbance  was  introduced  by  injecting  air 
through  a  hundred  tiny  holes  at  the  leading  edge  of  the  test  section.  Disturbances 
are  detected  by  foil  gauges  surface  mounted  at  the  trailing  edge  of  th.'  test  sec¬ 
tion.  Using  a  compliant  coating,  approximately  a  60  percent  reduction  in  the  foil 
response  occurred  as  compared  to  the  rigid  wall  results.  A  similar  reduction  was 
found  theoretically.  Other  recent  experiments  have  been  conducted  by  Hansen 
and  Hunston  (1983)  and  Gad-el-Hak,  Blackwelder,  and  Riley  (1980,84).  Although 
they  failed  to  obtain  favorable  effects  from  compliance,  they  did  demonstrate  an 
additional  wall-mode  instability  that  may  arise  with  the  use  of  compliance. 

With  little  success  in  obtaining  drag  reductions  and  transition  delays,  interest 
was  extended  to  investigating  the  possible  effects  of  compliant  walls  on  turbulent 
boundary  layer  flows.  In  the  1970’s  research  programs  were  sponsored  by  NASA 
Langley  Research  Center  and  in  the  1980’s  the  Office  of  Naval  Research  to  de¬ 
termine  if  drag  reductions  were  possible  using  compliance.  These  studies  indicate 
that  drag  increases  occur  prior  to  surface  deformation.  Further,  emphasis  was 
placed  primarily  on  turbulent  drag  reduction.  Investigations  carried  out  by  these 
organizations  are  described  by  Bushnell(1984),  Hefner,  and  Ash  (1977)  and  Reis- 
chman  (1984).  The  experiments  in  the  1960-70’s  have  been  discounted  for  many 
reasons.  Some  contend  the  results  of  these  experiments  due  to  experimental  bias 
or  imperfections. 

At  the  same  time  that  experiments  were  being  conducted  to  confirm 
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Kramer’s  results,  researchers  were  at  work  trying  to  explain  these  findings  the¬ 
oretically.  Early  theoretical  studies  were  performed  by  Benjamin  (1960,63,64), 
Landahl  (1962),  Betchov  (1959),  and  Gyorgyfalvy  (1967).  Benjamin  and  Landahl 
identified  and  separated  modes  of  instability  that  may  arise  from  the  fluid/ wall 
interaction  of  flow  over  a  compliant  wall.  These  were  named  Class  A,  Class  B, 
and  Class  C.  The  Class  A  instability  was  shown  by  Benjamin  to  be  destabilized 
by  wall  damping  while  Class  B  instabilities  were  stabilized.  Additionally,  Class 
A  instabilities  require  an  extraction  of  energy  from  the  initially  unperturbed  sys¬ 
tem  for  their  activation  and  consequently  are  destabilized  by  dissipation.  The 
opposite  is  true  of  the  Class  B  instability.  The  stability  of  these  wraves  is  deter¬ 
mined  by  the  net  effect  of  irreversible  processes  which  include  dissipation  and 
energy  transfer  from  non-conservative  hydrodynamic  forces.  Class  C  instabilities 
involve  conservative  forces  and  thus  conservative  energy  transfers  from  the  flow 
to  the  wall.  They  are  inviscid  and  an  example  of  which  is  the  Kelvin-Helmholtz 
instability.  The  present  study  will  involve  three  instabilities.  The  first  is  the  com¬ 
mon  Tollmien-Schlichting  Instability  (TSI),  which  is  a  Class  A  instability.  This 
instability  is  a  slow  moving  wave  (slower  than  the  freestream  velocity)  which  is 
present  over  rigid  and  compliant  walls.  The  second  is  the  Travelling- Wave  Flutter 
(TWF)  which  is  a  Class  B  instability.  This  instability  is  a  fast  moving  wave  (faster 
than  the  freestream  velocity)  and  is  a  surface-induced  instability.  The  third  is 
Static-Divergence  which  is  a  Class  C  instability.  This  instability  is  a  result  of  the 
compliant  wall.  When  this  instability  is  present,  any  potential  transition  delay 
characteristics  which  the  coating  may  possess  is  destroyed. 

Another  study  was  conducted  by  Kaplan  (1964).  The  important  results  in 
corrected  form  were  given  by  Landahl  and  Kaplan  (1965).  They  found  significant 
reduced  spatial  growth  rates  over  spring-backed  membranes  compared  to  the  rigid 
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wall  case.  Little  else  was  attempted  for  transition  in  the  remainder  of  the  1960’s 
and  1970’s  except  for  some  possible  European  and  Russian  investigators  (i.e. 
Babenko  et  al.,  1971-79).  Work  during  this  period  was  concerned  with  the  effect 
of  compliant  walls  for  turbulent  drag  reduction.  In  the  1980’s  a  re-assessment  of 
Kramer’s  work  began.  This  occurred,  in  part,  due  to  the  arguments  made  by  Car¬ 
penter  and  Garrad  (1985,86).  Although  much  controversy  still  exists  concerning 
Kramer’s  results,  Carpenter  and  Garrad  have  demonstrated  with  two-dimensional 
theory  that  substantial  transition  delays  were  possible  with  Kramer’s  coatings. 
Further,  a  careful  assessment  of  other  experimental  tests  revealed  deficiencies  in 
the  facilities  and  methods  used.  Additionally  they  were  able  to  duplicate  Landahl 
and  Kaplan’s  results.  To  accomplish  this  an  error  had  to  be  intentionally  made  in 
the  scaling.  This  indicated  that  Landahl  and  Kaplan  had  made  a  minor  scaling 
error.  Finally,  they  showed  that  the  Class  C  instability,  Static-Divergence,  could 
be  represented  by  a  function  of  the  wall  properties  and  that  there  was  a  character¬ 
istic  critical  or  onset  speed  for  Divergence.  If  the  flow  speed  was  below  the  critical 
speed,  Divergence  was  stable  and  did  not  occur.  If  the  flow  speed  was  above  the 
critical  onset  speed,  Divergence  resulted  and  any  potential  transition  delay  was 
destroyed.  Gad-el-Hak  et  al.  and  Hansen  et  al.  experimentally  verified  that  the 
onset  of  Divergence  occurred  only  after  the  flow  speed  reached  some  threshold. 
The  observed  surface  deformation  arising  as  Static-Divergence  is  shown  if  Figure 
1.5. 

There  has  also  been  some  work  done  on  the  stability  of  inviscid  flows  over 
flexible  coatings.  Many  of  these  were  done  with  the  turbulent  flow  interacting 
with  the  coating.  The  inviscid  stability  of  a  potential  flow  over  a  viscoelastic  wall 
wras  studied  by  Evrensel  and  Kalnins  (1985).  A  similar  study  with  the  addition 
of  a  pressure  perturbation  correction  was  done  by  Duncan,  Waxman,  and  Tulin 
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Figure  1.5  Static-Divergence  waves  of  a  compliant  wall  under  a  boundary  layer 
flow  (Gad-el-Hak,  Blackwelder,  and  Riley;  1984). 
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(1985).  The  main  feature  that  their  models  lack  is  the  viscosity  of  the  fluid. 

A  theoretical  framework  for  the  study  of  multilayered  walls  was  given  by 
Yeo  (1986,  1988).  This  approach  accounts  for  solid,  elastic,  and  viscous  fluid 
sublayers.  Yeo  concluded  that  the  use  of  multilayers  gives  a  measure  of  control 
over  the  stability  of  the  flow  not  available  to  single  layers  and  that  potential 
delays  of  transition  are  attainable.  Additionally,  Yeo  looked  at  the  influence 
of  oblique  waves  on  the  critical  Reynolds  number.  He  found  that  lower  critical 
Reynolds  numbers  were  achieved  for  oblique  waves.  Fraser  and  Carpenter  (1985) 
investigated  the  linear  stability  of  boundary  layers  over  a  single-  and  two-layer 
elastic  wall  model. 

An  alternative  approach  to  studying  specific  walls  to  determine  their  lin¬ 
ear  stability  characteristics  and  delay  of  transition  potential  was  used  by  Sen  and 
Arora  (1988).  They  studied  stability  implications  for  specified  values  of  the  eigen¬ 
function  of  the  Orr-Sommerfeld  equation  at  the  wall.  They  obtained  results  by 
using  a  kinematic  model  which  is  used  to  back-calculate  the  material  properties 
corresponding  to  any  chosen  model  for  the  dynamical  behavior  of  the  wall.  This 
problem  used  a  two-dimensional  wall  that  involved  only  vertical  displacements. 
This  resulted  in  four  parameters  to  be  determined. 

In  addition  to  the  investigations  of  transitional  boundary  layers  over  com¬ 
pliant  walls,  some  studies  were  conducted  with  turbulent  boundary  layers.  It  is 
beyond  the  scope  of  this  project  to  review  the  turbulent  boundary  layer  studies. 
A  review  is  given  by  Bushnell  et  al.  (1977).  However,  we  introduce  one  study 
conducted  by  Grosskreutz  (1971,1975).  He  introduced  a  compliant  wall  which 
linked  the  streamwise  and  normal  surface  displacements.  A  sketch  of  the  model 
is  shown  in  Figure  1.6.  He  suggested  that  this  link  could  produce  a  negative 
production  of  Reynolds  stress  in  the  near-wall  region  of  the  turbulent  boundary 
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layer.  Although  his  results  were  disappointing,  the  concept  and  coating  appear 
promising  for  reducing  the  growth  rates  in  laminar  boundary  layers  leading  to 
transition  delays.  The  use  of  Grosskreutz’s  compliant  wall  modpl  for  transition 
studies  was  suggested  by  Carpenter  and  Morris  (1985).  The  model  is  designed 
to  represent  isotropic  and  non-isotropic  coatings.  A  sketch  of  the  model  is  given 
in  Figure  1.7.  They  found,  that  with  an  appropriate  choice  of  wall  properties, 
significant  reductions  in  the  growth  rates  of  the  TSI  waves  were  found  compared 
to  the  rigid  wall.  Carpenter  and  Morris  (1985-90)  performed  additional  studies 
involving  the  wall-induced  instabilities  and  the  effect  of  damping  in  the  coatings. 
They  found  that  damping  destabilizes  the  Class  A-TSI  and  stabilizes  the  Class 
B-TWF.  Additionally,  Carpenter  and  Morris  used  the  en-criteria  by  Smith  and 
Gamberoni  to  compute  transition  predictions  for  the  compliant  coatings.  They 
found  that  the  Reynolds  number  at  which  transition  occurs  (or  is  imminent) 
increases  by  a  factor  of  4-10  times  that  of  the  rigid  wall.  Using  the  same  wall 
model  Joslin  and  Morris  (1987,  1989)  and  Joslin  (1987)  determined  the  sensitivity 
of  the  flow  and  wall  instabilities  to  changes  in  the  compliant  wall  properties.  They 
found  that  the  stiffness  of  the  coatings  investigated  has  the  greatest  influence  on 
the  instabilities. 

A  number  of  other  investigations  have  been  carried  out  over  the  past  ten 
years,  most  of  which  have  considered  isotropic  compliant-wall  models  or  one-  or 
two-layer  isotropic  coatings.  The  general  consensus  is  that  compliant  coatings 
can  lead  to  reductions  in  the  instability  growth  rates  and  delays  of  transition. 
A  number  of  studies  have  considered  turbulent  as  wrell  as  transitional  boundary 
layers  over  wall  compliance  but  were  not  discussed  for  brevity  sake.  Some  of 
these  are  Semenov  (1971),  Orszag  (1977,1979),  Balasubramanian  (1978),  Hansen, 
Hunston,  Ni,  Reischman,  and  Hoyt  (1979,  1980),  Bushnell  (1980),  Sengupta  and 
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Figure  1.7  Mechanical  model  representing  the  Grosskreutz  compliant  coating 
(Carpenter  and  Morris;  1985). 
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Lekoudis  (1985),  Nakao  (1985),  Yeo  and  Dowling  (1987),  Thomas  and  Craik 
(1988),  Breuer,  Haritonidis  and  Landahl  (1989),  and  Rotenberry  (1989).  These 
studies  are  listed  as  a  reference  for  the  reader. 

Several  notable  contributions  have  been  given  concerning  boundary  layer 
transition  over  compliant  walls.  This  list  is  far  from  complete.  More  in  depth 
reviews  are  given  by  Gad-el-Hak  et  al.  (1985,  1987),  Dowell  (1985),  Riley  et  al. 
(1988),  and  Carpenter  (1990). 

Our  understanding  of  transitional  or  turbulent  boundary  layer  flows  over 
compliant  walls  is  far  from  complete.  The  problem  is  parametrically  very  complex 
and  no  obvious  solutions  lend  themselves.  This  is  not  to  say  that  progress  has 
not  been  made  since  the  pioneering  days  of  Kramer.  The  days  when  arbitrary 
compliant  walls  are  put  into  a  tunnel  and  studied  are  over.  Due  to  the  high  cost 
of  performing  these  experiments,  a  more  economical  and  realistic  approach  must 
be  made.  This  involves  the  use  of  theoretical  tools  and  computers.  The  cost 
involved  with  performing  a  number  of  numerical  studies  with  different  coatings 
is  insignificant  compared  with  an  experimental  test.  The  present  investigation 
involves  using  some  of  these  theoretical  tools  to  model  transition  over  compliant 
walls. 

1.3  Motivation  and  Scope  of  Present  Research 

In  the  previous  two  sections  reviews  were  given  for  compliant  wTall  research 
and  transitional  boundary  layer  theory.  These  reviews  did  not  discuss  or  encom¬ 
pass  every  study  undertaken.  Rather,  some  of  the  investigations  familiar  to  the 
authors  were  mentioned  to  give  the  reader  a  broad  representation  of  the  ideas  and 
concepts  that  have  been  examined.  The  following  investigation  is  based  on  some 
of  these  approaches  that  have  proved  successful. 
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From  the  compliant  wall  review,  a  compliant  wall  model  was  discussed  that 
showed  promise  for  transition  delays  in  boundary  layers.  It  is  from  the  significant 
transition  delays  found  by  using  this  model  (and  other  similar  models)  along  with 
the  resent  experimental  findings  of  Daniel  (1985-87),  Willis  (1986),  and  Gaster 
(1987)  that  we  continue  investigations  in  this  direction.  In  the  present  study, 
the  Grosskreutz  (1971,1975)  coating  and  the  mechanical  model  of  Carpenter  and 
Morris  (1985)  are  used.  The  analysis  extends  the  wall  model  to  account  for  oblique 
waves.  The  role  of  three-dimensional  waves  in  transitional  boundary  layers  is 
determined.  This  is  done  using  linear  stability  theory. 

After  determining  the  importance  of  three-dimensional  instabilities,  a  sec¬ 
ondary  instability  theory  is  introduced  and  used  to  determine  the  effect  of  wall 
compliance  on  these  instabilities.  From  the  review'  of  nonlinear  instability  theory, 
a  model  proposed  by  Herbert  (1983)  matches  well  with  experiments.  This  theory 
provided  a  much  needed  explanation  to  the  three-dimensional  phenomenon  found 
in  experiments.  In  the  secondary  analysis  for  the  present  study,  Herbert’s  theory 
for  two-dimensional  primary  waves  is  extended  to  include  three-dimensional  pri¬ 
mary  waves.  Suitable  compliant  wall  boundary  conditions  are  developed  for  the 
secondary  instability  analysis. 

In  the  present  investigation,  the  effect  of  wall  compliance  on  three- 
dimensional  primary  and  secondary  instabilities  is  determined.  We  begin  this 
by  a  review  of  past  studies.  This  has  been  given  in  chapter  1.  In  chapter  2, 
the  dynamic  equations  are  derived  for  the  primary  and  secondary  instabilities. 
The  appropriate  compliant  wall  equations  are  derived  in  chapter  3.  In  chapter 
4,  numerical  methods  of  solution  are  introduced  to  solve  the  eigenvalue  problems 
that  result  from  the  analysis.  In  chapter  5,  the  results  are  presented  for  two- 
and  three-dimensional  primary  instability  waves  that  propagate  over  compliant 
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walls  and  compared  to  the  rigid  wall  case.  In  chapter  6,  results  for  the  secondary 
instability  analysis  are  presented.  In  chapter  7,  the  conclusions  are  outlined  along 
with  proposed  few  future  compliant  wall  projects.  Additionally,  appendices  are 
included  removing  from  the  main  text  the  lengthy  equations  and  other  details 
which  are  pertinent  to  this  study.  In  the  final  appendix,  a  proposed  formulation 
for  the  turbulent  boundary  layer  problem  is  outlined. 
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CHAPTER  2 

DERIVATION  OF  GOVERNING  EQUATIONS 


2.1  Introduction 


In  this  chapter,  the  dynamic  equations  are  derived  for  the  three-dimensional 
primary  and  secondary  instabilities  in  a  transitioned  boundary  layer.  The  dis¬ 
turbances  are  represented  by  travelling  waves  which  may  grow  or  decay  as  they 
propagate.  Nonlinear  coupling  is  ignored  so  that  individual  components  of  the 
frequency  spectrum  may  be  studied.  Additionally,  the  growth  of  the  boundary 
layer  is  neglected  so  that  a  parallel  flow  assumption  may  be  made.  With  this  in 
mind,  the  derivation  of  the  respective  equations  proceeds.  In  the  next  section, 
the  equations  for  the  primary  instabilities  are  derived.  In  the  final  section,  the 
equations  describing  the  secondary  instabilities  are  derived. 

2.2  Primary  Instability  Equations 


The  problem  we  consider  consists  of  an  incompressible  laminar  boundary 
layer  flow  over  a  smooth  flat  wall.  The  equations  governing  the  flow  are  the 
Navier- Stokes  equations.  These  consist  of  the  momentum  and  continuity  equa¬ 
tions  given  as 


—  u  +  ( v  ■  V)u  = — —  p  +  i /V2u 

dt  p  ox 


O  1  u  _2 

— v  +  (v  ■  V)v  =  — —p  +  uVlv 
dt  p  ay 


O  11/  9 

—  w  +  (v  ■  \)w  = - p  -|-  i/V  w 

dt  pdz 


2.2.1 a 

2.2.1  b 

2.2.1c 


V  •  v  =  0 


2.2.2 
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a  a  a 

where  V  =  3^-+ ^-i- i,y,z  correspond  respectively  to  the  stream  wise,  normal, 
and  spanwise  coordinate  directions,  v  =  ( u,v ,  w )  are  the  streamwise,  normal,  and 
spanwise  velocity  components,  and  p  is  the  pressure,  p  is  the  fluid  density  and  u 
is  the  kinematic  viscosity.  u,v,w  and  p  are  the  instantaneous  flow  properties.  A 
small-amplitude  disturbance  is  introduced  into  the  laminar  flow.  In  general,  the 
flow  components  may  be  given  by 


u(x,y,z,t )  =  U(x,y,z,t)  +  A  ui(x,y,z,t)  2.2.3 a 

v(x,y,z,t )  =  V (x,  y,  z,t)  +  A  vi(x,y,z,t)  2.2.3 b 

w(x,y,z,t )  =  W(x,y,z,t )  +  A  wi(x,y,  z,t)  2.2.3c 

p(x,y,z,t)  =  P(x,y,z,t)  +  A  pi(x,y,z,t)  2.2.3 d 


where  and  p\  are  the  disturbance  properties;  A  is  the  finite  small- 

amplitude  of  the  disturbance;  and  U,  V,  W  and  P  are  the  mean  flow  properties. 
For  the  problem  at  hand,  simplifications  may  be  made.  The  mean  velocity  profile 
is  assumed  two-dimensional  and  self-similar.  This  stipulation  defines  a  class  of 
flows  know  as  parallel  flows.  This  implies  that  U  is  the  streamwise  component  and 
V  =  W  =  0.  A  description  for  this  flow  was  described  many  years  ago  by  Blasius 
(1908).  Blasius  introduced  a  similarity  variable.  The  change  in  coordinates  is  y  = 
y/xRx  where  hereafter  y  is  the  similarity  coordinate.  The  equation  governing 
the  mean  flow  known  as  the  Blasius  profile  is  given  by 

f"  +  =  0  2.2.4 

with 


/( 0)  =  /"( 0)  =  0 


and 


f'  — *  1  as  y  — *  oo 
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where  f  is  the  nondimensional  mean  velocity,  Ua ,  and  ()'  =  d/dy  .  For  the 
rigid  wall  case,  a  three-dimensional  disturbance  motion  may  be  represented  by  an 
equivalent  most  dominant  two-dimensional  problem  as  shown  by  Squire  (1933). 
This  is  not  proven  for  non-rigid  walls,  so  we  retain  the  three-dimensional  nature 
of  the  equations  describing  the  disturbance.  The  resulting  flow  with  the  mean 
flow  assumptions  has  components  given  by 


u{x,y,z,t)  =  U(y)  +  A  ui(x,v,z,t )  2.2.5a 

v(x,y,z,t)  =  A  Vi(x,y,z,t)  2.2.5 b 

w(x,y,z,t)  =  A  wi(x,y,z,t)  2.2.5c 

p(x,y,z,t)  =  P(y)  +  A  pi  (i,  y,  z,t)  2.2.5 d 


These  are  substituted  into  (2. 2. 1-2).  Only  linear  terms  in  A  are  retained.  The 
resulting  system  of  equations  is 


du\ 

dt 


TTdu\ 

+  U  —  +  vi 
ox 


dU_ 

dy 


1  dpi  ,  v?2 

—  — —  +  i/V  m 

p  ox 


9vi_  lTdvi 
dt  dx 

dw\  „Tdw  i 
— ——  +  U  — — 
dt  dx 


1  dpi 

___ IL  +  l/^Vl 

p  dy 


1  dp  i 
p  dz 


-)-  i/V2wi 


V  •  v  =  0 


2.2.6a 

2.2.6  b 

2.2.6c 

2.2.7 


The  pressure  component  is  eliminated  by  differentiating  and  subtracting  the 
above  equations  resulting  in  the  vorticity  equations,  or 


r£  +  c,A_„v’l(^-^!)  + 

l  dt  dx  j K  dy  dz’ 


dU  dw 


dy  dx 


=  0 


2.2.8a 


\1  +  V^--  i/v1]  +  dJLti  =  0 

L  dt  dx  J '  dz  dx  ’  dy  dz 


2.2.8 b 
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r  d  rr  d  _2l  t&vi  &u\  \  dU  dw\  diU 

L  dt  dx  J  '  dx  dy  dy  dz  dy 2 


2.2.8c 


We  further  reduce  these  to  two  equations  by  introducing  the  definition  of  vorticity 
normal  to  the  wall,  0  =  du/dz  -  dw/dx,  and  perform  the  following  operation: 
d/dz(2.2.8a)  —  d/dx(2.2.8c).  The  equations  are  then  nondimensionalized  by  the 
freestream  velocity  (17oo)>  density  (p),  and  a  characteristic  length  scale  such  as 
the  boundary  layer  thickness  (6).  The  resulting  equations  are 

T  1  o  d  d  T  dU0  dv\ 

—  V2  -  U0 - —  fli  -  ■■  ■-  =  0  2.2.9 

dx  9t-l  dy  dz 


dx  dt 


dy 2  dx 


2.2.10 


where  Rs  is  the  boundary  layer  thickness  Reynolds  number  given  as  Rg  =  Uoobjv 
and  Ua  is  the  nondimensional  mean  velocity  profile. 

The  disturbance  introduced  into  the  boundary  layer  may  be  represented  in 
the  form  of  a  travelling  wave.  A  normal  mode  representation  is  given  as 


=  {vl,Cl1}{y)E  +  c.c. 


2.2.11 


where  hj  and  are  the  complex  eigenfunctions  of  normal  velocity  and  vorticity. 
In  the  general  case 

E  =  exp[i(a+x  +  (3+ z  -  wt)]  2.2.12 

where  a+  and  0+  are  complex  wavenumbers  and  u  is  the  complex  frequency. 
There  are  two  general  cases,  or  classes,  of  solution  given  by 


(i)  Temporal  Instability.  For  this  case  and  0+  are  specified  and  q,+  =  0*  = 
0.  The  frequency  of  the  disturbance  is  determined  and  given  by  u>T  and  is 
the  temporal  growth  rate.  The  imaginary  part  of  the  complex  frequency  or 
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phase  velocity  determines  the  growth  or  decay  rate  of  the  wave.  For  ui;  >  0 
the  wave  is  unstable;  for  Ui  <  0  the  wave  is  stable;  and  for  =  0  the  wave 
neither  grows  nor  decays  and  is  referred  to  as  neutrally  stable. 

(ii)  Spatial  Instability.  In  this  case  the  wave  frequency  is  given  by  ur  and  u>,= 0. 
The  determination  of  the  wavenumbers  depends  on  the  study  being  consid¬ 
ered.  If  one  is  interested  in  the  streamwise  growth  then  0f  is  specified, 
(if  =0,  and  af  is  the  streamwise  wavenumber  and  af  is  the  growth  rate. 
The  imaginary  part  of  the  wavenumber  is  a  measure  of  the  growth  or  decay 
rate  of  the  wave.  For  af  <  0  the  wave  is  unstable  and  grows  exponentially, 
for  af  >  0  the  wave  is  stable  and  decays,  and  for  af  =  0  the  wave  neither 
grows  nor  decays  and  is  referred  to  as  neutrally  stable.  We  are  interested 
in  the  growth  rate  and  the  wave  growth  in  the  direction  of  the  wave  propa¬ 
gation.  So  af  and  (if  are  determined.  The  description  of  this  approach  is 
explained  below. 

We  follow  the  ideology  behind  the  spatial  stability  approach  since  Gaster 
(1962)  showed  that  spatial  growth  rate  predictions  are  quantitatively  more  cor¬ 
rect.  We  follow  Mack  (1980)  and  define  two  real  vectors,  a  wavenumber  vector 
( af,0f )  making  an  angle  fa  to  the  i-axis  and  a  second  growth  rate  vector 
(af ,  (if )  making  an  angle  fa  to  the  x— axis.  In  general  these  two  vectors  are  not 
the  same,  but  in  the  present  study  we  consider  the  special  case  where  fa  =  fa  =  <£. 
This  allows  an  alternative  representation  to  (2.2.12)  or 

E  =  exp(i(a  cos  i^i  +  o  sin  4>z  -  a;t))  2.2.13 

where  a+  =  acos<t>  and  0+  =  a  sin  4>.  In  this  case  there  is  a  single  complex 
wavenumber  and  eigenvalue  a.  Additionally,  the  nondimensional  to  dimensional 
relations  are  given  as:  a  =  a* 6  is  the  complex  nondimensional  wavenumber; 
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cr  =  u>/aT  is  the  phase  velocity  of  the  wave;  u>  =  w'S/Uoo  is  the  nondimensional 
frequency;  and  4>  is  the  angle  of  wave  propagation. 

If  we  substitute  (2.2.11,  13)  into  (2.2.9-10),  the  resulting  system  is 

v\v  +  ai(y)v\"  +  a2(y)vi  =  0  2.2.14 

where 

ai  (y)  =  -  iRsa(Uo(y)  cos<p  -  cv)  -  2a2 

02 (y)  =  iRgci3(U0(y)  cos  <}>  -  cr)  4-  iRga  cos  4>U"0(y)  +  a4 

and 

+  a3(y)Qi  +  a4(y)0]  =  0  2.2.15 

where 

03  (y)  =  -  a2  -  iRga(U0(y)  cos  <t>  -  <v) 
a4(y)  =  -  iRga  sin  <f>U'0(y) 

These  equations  are  referred  to  as  the  Orr-Sommerfeld  and  Squire’s  equa¬ 
tions,  respectively.  These  equations  were  originally  derived  by  Orr  (1907),  Som- 
merfeld  (1908),  and  Squire  (1933).  This  is  a  system  of  coupled,  non-constant 
coefficient  equations.  The  problem  is  of  an  eigenvalue  nature  where  the  spatial 
eigenvalue  appears  to  the  fourth  power  and  the  temporal  eigenvalue  appears  to 
the  first  power.  The  system  requires  six  boundary  conditions.  The  disturbance 
fluctuations  and  their  derivatives  vanish  as  infinity  is  approached  in  the  normal, 
or  cross-stream,  direction.  This  gives  the  three  boundary  conditions. 

t>i(y) ,  v\{y) ,  fii(y)  -♦  o  as  y  -*•  oo  2.2. 16 

In  the  next  chapter  the  remaining  boundary  conditions  will  be  determined. 
These  conditions  are  enforced  at  the  wall.  Before  we  introduce  the  compliant 
wall  model,  the  equations  governing  the  secondary  instabilities  in  the  flow  will  be 
derived.  This  is  examined  in  the  next  section. 
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2.3  Secondary  Instability  Equations 

As  we  have  outlined  in  the  first  chapter,  the  procedure  we  follow  is  a  gener¬ 
alization  of  a  theory  by  Herbert  (1983).  Herbert’s  theory  is  extended  to  allow  for 
three-dimensional  primary  instabilities  and  introduce  wall  compliance. 

An  incompressible  flow  that  is  governed  by  the  Navier-Stokes  equations 
(2.2. 1-2)  with  appropriate  boundary  conditions  is  considered.  A  basic  flow 
V2  =  {u2,V2,W2)  subject  to  a  three-dimensional  disturbance  t73  =  (u3,v3,w3) 
which  is  termed  a  secondary  instability  is  introduced.  The  instantaneous  velocity 
and  pressure  components  are  given  as 


u{x,y,z,t)  =  u2(x,y,  z,t )  +  Bu3(x,y,  z,t )  2.3.1a 

v{x,y,z,t)  =  V2(x,y,z,t)  +  Bv3(x,y,z,t)  2.3.1  6 

w{x,y,z,t )  =  W2(x,y,z,t)  +  Bw3(x,y,z,t)  2.3.1c 

p{x,y,z,t)  =  p2(x,y,z,t)  +  Bp3(x,y,z,t)  2.3.1  d 

and  the  basic  flow  is  given  as 

U2(x,y,z,t)  =  U„{y)  +  Aui(x,y,z,t)  2.3.2  a 

v2{x,y,z,t)=  Avi(x,y,z,t)  2.3.26 

w2(x,y,z,t)=  W„(y)  +  Awi(x,y,z,t)  2.3.2c 

P2(x,y,z,t)=  Ap\(x,y,  z,t)  2.3.2 d 


The  basic  flow  is  left  in  a  general  form.  The  values  of  each  component  of  the 
basic  flow  are  varied  as  the  choice  of  coordinate  reference  frame  is  changed.  For 
the  reference  frame  in  which  x  is  in  the  mean  flow  direction,  (u],v j,u>i)  are  the 
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primary  wave  solution  which  is  determined  from  the  dynamic  equations  in  the 
previous  section.  In  this  reference  frame,  the  mean  spanwise  velocity  component, 
Wa,  is  zero.  The  primary  instability  is  of  the  wave  form  (i.e.  periodic  in  t  and 
periodic  in  ( x,z )  with  wavelength  Ar  =  2n/ar)  and  travelling  with  phase  velocity 
cr  =  (c,.,0,c2)  =  (cr,0)  where 

cx  =  u>T/aT  cos  4>  and  cz  =  ljt /aT  sin  4> 

If  transforming  to  a  coordinate  reference  frame  moving  with  the  wave  we  have 

F]  (x,y,z)  =  vj(x,y,z )  =  F](x  +  Xx,y,z  +  Xz)  2.3.3 

where  (1,2)  is  the  fixed  laboratory  reference  frame  and  (1,2)  is  the  reference 
frame  moving  with  the  primary  wave.  By  a  proper  normalization  of  (ui,vi,tui) 
the  amplitude  A  directly  measures  the  maximum  streamwise  rms  fluctuation. 
This  is  given  by 

max  |u(y)|2  =  |u(ym)|2  =  1/2  2.3.4 

0<y<oo 

The  key  element  of  this  theory  of  secondary  instabilities  is  that  the  primary 
wave  is  periodic  in  the  (1,2)  plane  at  a  finite- amplitude  A  of  the  TSI  wave.  Use 
of  the  shape  assumption  noted  by  Stuart  (1960)  is  made.  This  assumes  that  the 
primary  wave  is  governed  by  a  linear  system  of  equations.  This  is  justifiable 
since  observations  indicate  that  secondary  instabilities  occur  at  small  amplitudes. 
These  instabilities  are  assumed  to  originate  due  to  a  redistribution  of  vorticity 
and  not  Reynolds  stresses.  With  the  shape  assumption,  the  normal  velocity  and 
normal  vorticity  of  the  primary  wave  are  given  by 

{m,fii}(x,y,2)  =  +{v-i  ,fi_i  }(y)e",Q'(j:cos  *+zsin  ^ 


2.3.5 
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where  Vi  =  rlj  in  order  to  obtain  a  real  solution  and  *  denotes  the  complex  con¬ 
jugate.  are  eigenfunctions  of  the  Orr-Sommerfeld  and  Squire’s  equations. 

This  problem  was  outlined  in  the  previous  section.  The  solution  of  the  primary 
problem  gives  the  eigenfunctions  and  primary  surface  displacements. 

Using  the  primary  solution  as  being  sufficiently  adequate  for  the  secondary 
instability  analysis  assumes  that  the  secondary  instability  grows  at  a  much  faster 
rate  than  the  primary.  This  is  a  result  of  assuming  that  the  primary  amplitude 
does  not  vary  in  space  for  spatial  analysis  and  in  time  for  temporal  analysis. 
Thus,  Herbert  assimilated  the  comparison  that  the  primary  instability  grows  at 
a  viscous  time  scale  while  the  secondary  instability  grows  convectively. 

At  this  point,  the  governing  equations  for  the  secondary  instability  analysis 
are  derived.  The  instantaneous  velocities  and  pressure  (2.3.1)  are  substituted  into 
the  Navier-Stokes  equations  and  linearized  on  the  secondary  amplitude,  B.  This 
yields  the  nondimensional  equations  for  v3 

v3  +  (v2  •  V)I>3  +  (n3  •  V)y2  =  -Ap3  +  -^-V2F3  2.3.6 

at 

The  pressure  terms  are  eliminated  by  appropriate  differentiation  and  subtraction 
of  (2.3.6).  The  vorticity  equations  result 

[^V2  -  ^]n3  -  (v2  ■  V)?i3  -  (v3  ■  V)n2  +  (n2  •  v)tj3  +  (TT3  •  v)u2  =  o  2.3.7 

along  with  the  continuity  equation 

Vu3=0.  2.3.8 

As  with  the  primary  problem,  the  equations  in  terms  of  the  normal  velocity  and 

vorticity  are  sought.  This  is  an  extension  of  Herbert’s  two-dimensional  analysis. 

Introducing  the  streamwise,  normal,  and  spanwise  vorticity  gives. 

dw  dv  du  dw  dv  du 

€v  dy  dz  dz  dx  ^ v  dx  dy 
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Only  normal  vorticity  terms  will  remain  when  the  analysis  is  complete. 

One  equation  results  by  substituting  the  basic  flow  V2  into  (2.3.7).  This  gives 


r  1  _o  3  ,TT  ,3  3  ,  dUD  dv$  dW0  dv$ 

[pv  -  »  - -  <*• - - 1717  + 1717 


+  a{-(U,  •  V)f!j  -  (TTj  .  V)fi,  +  (e,  + 


3ui 

+  ~r - b  (Pi 

oy 


v  0  7  ‘  '  1  3z  7  3x 

3t>i  3t>3  3uj  3u3  3i>j  5ti»3 

3x  3z  dz  dy  dx  3 y 


The  other  equation  is  found  by  taking  d/dz  (streamwise  vorticity)-3/3x(spanwise 
vorticity).  This  results  in  the  remaining  equation  describing  the  dynamic  system. 


r  1  ■>  3  3  .  3  i  9  d2Ua  dvj  d2Wa  dv$ 

hv  +  list +  list 


+a{  [-(»,.  V)V*-±V*.1-(^  + 


—  V2  ,32U]  d2u\  d2U]  32uj  3 

3y  1  3x2  3z2  3y2  dxdy  dx 


d2v\  d2v\  d2v\  d2U\  d  ,d2W\  d2w\  32uj 

dz2  dx2  dy 2  dxdy  dy  dy2  dx2  +  dxdz 

d2v\  d  dv !_  du}  d2 _ _  dv }  d2  _  duj 

dydz  dz  dy  dx  dz 2  dx2  dy2  dx  dxdy  dz 
dwi  d2  dvj  d2  , 

J'~  dx  dxdz  dz  dydz  3 

r  3  ,  \  «/32ui  32uj  d2v\  d2u\  d  32wi 

+  [-^(  +  2("^r  '  +  ap" +  +  2^x3y 

32V]  3  3uj  32  32  32  0.3ui  3uj  32 

_ \ _ L( _ l _ )  4-  2( _ -  +  2 _ _ 

dxdz  dz  dx  ax2  dz 2  dy2  dy  dx  dxdy 

dw\  d2  dv\  d2 

+2 - - - H - - - ]u3 

dx  dydz  dz  dxdz 

r  3  2  \  3«i  32uj  3  3i>]  32  32 

+  [___(  „,)  +  2(ay52  “  dxdz^dx  ~  dz  (3X2  3y2 


3u]  32 

► _ i _ 

dz  dxdy 


]u>s}  = 


2.3.10 


This  equation  involves  terms  with  all  components  of  secondary  velocity.  In  order 


to  reduce  this  equation  to  normal  velocity  and  vorticity  only  without  integral 
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representations,  normal  modes  are  introduced.  Then  as  with  the  primary  problem, 
the  continuity  equation  and  the  definition  of  vorticity  are  employed.  As  with  the 
primary  problem,  the  disturbance  quantities  v3,  Q3  and  dv3  jdy  vanish  far  from 
the  wall  and  at  the  wall  for  the  rigid  wall  case.  The  compliant  wall  equations 
govern  the  boundary  conditions  for  the  compliant  case.  Additionally,  note  that 
the  primary  amplitude,  A,  is  a  parameter  in  the  equations.  As  A  — *  0  the  Orr- 
Sommerfeld  and  Squire’s  equations  result  for  oblique  waves  with  the  basic  flow 
now  being  only  the  Blasius  flow.  For  the  case  of  interest  where  A  ^  0,  the  primary 
eigenfunctions  appear  in  the  equations  as  coefficients.  To  solve  the 

secondary  problem,  an  appropriate  normal  mode  representation  is  sought. 

For  a  two-dimensional  primary  instability,  the  coefficients  of  (2.3.9)  and 
(2.3.10)  are  independent  of  z  and  t ,  we  can  apply  the  following  normal  mode 
concept 

v3{x,y,z,t)  =  e*  et0zV(x,y)  2.3.11 

where  the  spanwise  wavenumber  0  =  2ir/Xz  is  real  and  a  =  aT  +  i<7,-  is  complex. 
V(x,y)  is  the  function  representing  the  class  of  modes.  Floquet  theory  suggests 
a  form  of  solution  for  periodic  systems.  A  discussion  of  Floquet  theory  is  given 
by  Floquet  (1883),  Arscott  (1964),  Coppel  (1965),  and  Herbert  (1984d).  For  the 
present  problem  Floquet  theory  gives 

V(x,y)  =  erzV(x,y)  2.3.12 

where  7  =  7,  +  17;  is  the  characteristic  exponent  and  V(x,y)  is  periodic  in  the 
x  direction  and  may  be  represented  by  a  Fourier  series.  So  the  normal  mode 
representation  of  the  secondary  instability  for  a  two-dimensional  basic  flow  is 


»=—  OO 


2.3.13 
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For  three-dimensional  primary  instabilities  the  problem  is  more  complex  and 
the  form  of  solution  depends  on  the  situation  under  consideration.  By  simply 
introducing  an  oblique  wave  and  transform  (2.3.13)  the  following  normal  mode 
form  arises 

OO 

^  _  e<ri4-jj3(z  cos  zsin  ^)-Hy(xcos  ^+zsin  E  j)ji(y)e‘(n/2)af  (*«»  4>+z  4>) 

71  —  —  OO 

2.3.14 

This  leads  to  an  infinite  system  of  ordinary  differential  equations.  The  system 
consists  of  two  distinct  classes  of  solution.  This  occurs  since  even  and  odd  modes 
decouple.  This  results  in 


vf 


^cri+ifi{z  cos  4>— xsin  ^)+7(zcos  ^+2  sin  E  Vn(y)ei(n/2)a'  (xcos  ^+zsin  *) 

Tl=et»C7l 

2.3.15a 


and 


v. 


e<rt+i/3{z cos  ^-zsin  ^)+7(zcos  ^-Msin  4>) 


E 

n  =odd 


vn  (y )e^n/2^“r  (x  005  *+z  “h  ^ 

2.3.156 


By  observation 


v/(x  +  Xx,y,z  +  Xz)  =  v(x,y,z) 


v,(x  -f  2Xx,y,z  4-  2XZ)  =  v(x,y,z ) 


The  fundamental  mode  is  associated  with  primary  resonance  and  the  subharmonic 
mode  with  parametric  resonance.  A  problem  may  arise  with  this  formulation  since 
the  periodic  form  is  no  longer  unidirectional.  A  question  arises  as  to  what  periodic 
exponents  are  appropriate.  Namely,  are  the  forms  of  the  solution  simply  related 
by  the  relation  7  =  7(1  cos  4>  +  z  sin  <t>)  ? 

To  retain  periodicity  in  one  direction,  the  coordinate  reference  frame  for  the 
secondary  instabilities  is  rotated  to  the  direction  of  the  wave  as  well  as  changed 
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to  move  with  the  wave.  The  form  of  the  solution  is  then 

v3  =  e’ri+i/3z'-*x'  t>„(y)e,(n/2)a'*'  2.3.16 

n=— oo 


where 


x'  —  x  cos  4>  +  2  sin  (f>  and  z'  =  z  cos  4>  —  x  sin  4> 

Solutions  are  then  obtained  in  the  (x\  z')  frame.  In  this  reference  frame,  the  basic 
flow  changes  to 

«2  =  UD{y)  +  Aui(x,y,z,t)  2.3.17  a 


v-i  =  Av\(x,y,  z,t)  2.3.176 

w2=W0{y)  2.3.17c 

where  __ 

U0  =  U0  cos  4> 

u\  =  U]  cos  <j>  +  u>]  sin 

Wa  =  -  U0  sin  <{> 

With  this  reference  frame  the  form  of  the  solution  is  the  same  as  the  two- 
dimensional  problem.  To  obtain  a  real  solution  in  this  reference  frame,  tim  =  ulm , 
Vfji  =  vm_m ,  and  wm  =  -w’_m  where  *  indicates  complex  conjugate. 

Either  form  of  the  solution  gives  two  complex  quantities  a  and  7  which  leads 
to  an  ambiguity  similar  to  that  found  with  the  Orr-Sommerfeld/Squire  problem. 
Four  unknowns,  aT ,  <7,- ,  7, ,  ■ji  result.  Two  can  be  determined  while  two  must  be 
chosen  in  some  other  way.  There  are  three  general  cases,  or  classes,  of  solution 
that  have  a  physical  interpretation  and  a  fourth  case  whose  interpretation  is  yet 
"nelcar.  We  consider  the  form  of  the  solution  given  in  (2.3.14)  since  it  is  more 
general  and  may  easily  be  transformed  to  (2.3.16). 
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(i)  Spatial  growing  tuned  modes.  For  this  case  the  spatial  growth  rate  is  related 
to  the  laboratory  reference  frame.  Transforming  from  the  frame  moving  with 
the  primary  wave  to  a  fixed  frame,  we  find 

e<rt  g-r(*c°s  4>+isin  4)  _  e(*-7£.  )<  f7(icos  4+z  sin  4)  2  3  18 

To  suppress  any  temporal  effects,  we  choose  a  =  7 cT.  The  7r  provides  the 
spatial  growth  rate  in  the  direction  of  the  primary  wave  in  the  laboratory 
frame  and  7;  is  the  shift  in  the  w’avenumber. 

(ii)  Temporal  growing  tuned  modes.  The  temporal  growth  rate  is  aT  and  <7,  can 
be  interpreted  as  a  shift  in  frequency.  In  this  case  we  choose  7,  =  7;  =  0.  If 
cr,  =  0  then  we  can  say  that  the  secondary  mode  is  travelling  synchronously 
with  the  basic  flow. 

(iii)  Temporal  growing  detuned  modes.  In  this  case  7,.  =  0  and  7i  =  Aa.  ar  and 
a i  are  defined  as  in  (ii). 

(iv)  Spatial  growing  detuned  modes.  In  this  case  aT  —  7 cr.  The  7r  provides  the 
spatial  growth  rate  in  the  direction  of  the  primary  wave  and  7 ;  provides  a 
shift  in  the  wavenumber.  <7;  =  Au>  is  a  frequency  shift.  It  is  unclear  as  to 
how  this  frequency  shift  might  occur. 

At  this  point  the  final  form  of  equations  governing  the  subharmonic  and 
fundamental  modes  of  instability  may  be  obtained.  If  we  substitute  (2.3.5)  where 
m  =  ±1  as  the  general  exponential  superscript  and  (2.3.14)  into  (2.3.9,10),  the 
equations  in  normal  modes  result.  These  are  given  as 
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{^n+[|An  -<T-{U0-  cx)an  -  (Wa  -  cz)/3n]fl„  +  (K''an  -  U'0pn)vn}eN 
+  ^{  [-1  -  ima  sin  -  ima  cos  <£-^-1  vmQ'n  +  f(-a„ 

-iAn  L\n  J  L 

+m2a2  cos  <j!>sin  4>~ —  m2 q2  — A)um  +  (14-  ima  cos^-^A)^ 

An  An  An 

—  (/?„  +  m2a2  cos2  4>^i-)wm\  (ln  +  [ima  sin  4>^~ 

An  J  L  An 

-ima  cos  0-^-1  +  [(— m2a2  cos^sin^-^-  -  m2a2-^2- 

AnJ  L  _  An  An 

ft  Ct 

-{■ima  sin  4>)um  +  ima  cos  4>-~v'm  +  (m2a2  cos2  (f> — — 

An  An 

-ima  cos  -  [ima  sin  4>u'm  -  ima  cos  <f>w'm 

-anw'm  +  vn  }eW+iV  =  0  2.3.19 


{^^n+[^A„  &  {U0  cx)an  —  (W0  —  cz)/?Tlj  vn  +  [— A2  —  aAT 

—  {U0  —  cx )an An  -  ( Wa  -  cx)Pn A„  +  +  ^anjin}/] 


+j4{  —  [7~ima  cos  4>  +  1  +  ^-ima  sin  $1  vmv"'  —  [(  — —4ima  cos  4>an 

ft 

+  an  -  2ima  cos  4>  +  -^-2im a  sin  4>an)um  +  (— A-2an  -  1)1^ 

An 

+  (~r~2ima cos <p(3n  +  0n)iumlvJJ  +  [--^A{(im3a3  cos <j> 

+  2m2a2  cos24>an  +  2 m2a2  cos  <£sin  <£/?n  —  ima  cos<^>An 
+  ima  sin  <£a„0n)vm  -  (ima  cos  <£  -  2an)v^  +  4ima  cos  4>anum 
+  2ima  cos  -  (An  -  m2a2  cos  2<£  +  2ima  cos  <£a„ 

+  ima  sin  </>/?„  )vm  +  v'^  +  2ima  cos  4>u'm  -  --{ima  sin  4>(m2 a2 
-2ima  cos  <pan  -  Qj)nm  -  ima  sin  01)^,  +  2ima  sin  ^OnU^}!  vn 
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+  £(— b:n  An  4-  m2a2an  —  m2a2  sin  4>  cos  <f>(3n  4-  2 ima  cos  <j>(02n  -  a2 ) 

-  n  n  ^ 

— 2ima  sin  4>an(3n)um  4-  (m  a  -  2ima  cos  <f>an  —  ima  sin  <j>(3n 

+pl  -  a2JVm  +  -  (PnAn  ~  "l2  Ct2  ™S2  <0n 

+2ima  cos  (f>anpn)wm  -  v™  +  Pnw'^)vn  4-  \^-ima  cos  <p 

ima  sin^lt»mn"  +  [-^-(2 +  4ima  cos  4>anum 
An  J  LAn 

4-2 ima  cos  4>/3nwm )  -  ^-(2ima  sin  <j!>a„um)l  Cl’n  +  [-^-{(im3^3  cos  4> 

4-2m2a2  cos  2 4>an  4-  2m2 a2  cos  sin  4>pn  -  ima  cos</>Ar 

+  ima  sin  4>an(3n)vm  -  (ima  cos  <f>  -  2an)v'!n  4-  ±im a  cos  4>anum 

+2ima  cos  4>Pnwlm}  —  ^-{ima  sin  cp(m2 a2  —  2ima  cos  <pan  —  ct2)um 

An 

—  ima  sin  4-  2ima  sin  fln  j  eN+M  =  0  2.3.20 

In  the  above  equations  the  variables  referenced  to  the  secondary  instability  * 
defined  as 


d  -  d  d2  d2 

°n  "  dx  0n~  dz  An  ~  dx2  +  dz2 

eN  _  e»(n/2)a,  (*cos  ^+iol  4>)  _  g»(n/2 )a,x 

_  gima,  (*  cos  sin  _  ima,  x' 


2.3.21  a 


2.3.21  b 


2.3.21c 


Oily  a  few  terms  of  the  Fourier  series  are  used  since  Herbert  (1976), 
Bertolotti,  and  Santos  (1985)  showed  that  this  provided  sufficient  accuracy.  By 
comparing  terms  with  like  exponentials  in  (2.3.19-20),  the  following  two  distinct 
classes  of  solution  are  found  and  defined  by 

Subharmonic:  m  =  ±l,n  =  ±1 


Fundamental:  m  =  ±l,n  =  0,±2 


Due  to  the  size  of  the  resulting  equations  for  the  subharmonic  and  fundamental 
modes,  a  listing  is  postponed  and  presented  in  Appendix  A. 
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The  boundary  conditions  for  these  equations  are 


Vn  i 


0 


as 


y  —+  oo 


2.3.22 


along  with  the  compliant  wall  boundary  conditions  or  for  the  rigid  wall 


vn,v'n,(ln  =  0  at  y  =  0 


2.3.23 


This  completes  the  formation  of  the  equations  of  motion  for  the  three- 
dimensional  primary  and  secondary  instabilities  in  a  laminar  boundary  layer. 
In  the  next  chapter,  a  compliant  wall  model  is  introduced  from  which  the  wall 
boundary  conditions  will  be  derived. 
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CHAPTER  3 

FORMULATION  OF  COMPLIANT  WALL  MODEL 


3.1  Introduction 


A  number  of  different  compliant,  or  flexible,  wall  models  have  been  intro¬ 
duced  to  represent  physically  realistic  coatings.  Some  of  these  were  noted  in  the 
first  chapter.  A  simple  mechanical  model  that  has  shown  significant  delays  of 
transition  in  theoretical  studies  by  Carpenter  and  Morris  (1990)  is  chosen.  In 
some  cases,  up  to  ten  times  the  transitional  x-Reynolds  number  of  the  rigid  w’all 
was  achieved.  These  results  were  obtained  using  a  two-dimensional  stability  anal¬ 
ysis.  In  the  preseit  paper,  the  mechanical  model  is  extended  to  three  dimensions. 
With  this  extension  we  look  at  the  role  of  oblique  primary  waves  on  transition. 
The  equations  for  the  wall  are  derived  in  the  next  section.  Additionally,  we  look  at 
the  effect  of  wall  compliance  on  secondary  instabilities.  The  boundary  conditions 
required  for  this  fluid/ wall  interaction  study  are  derived  in  the  third  section. 

3.2  Primary  Wall  Equations 

The  model  was  introduced  by  Grosskreutz  (1971,  1975)  in  his  drag  reduction 
studies  with  turbulent  boundary  layers.  A  sketch  of  this  compliant  coating  is 
shown  in  Figure  1.6.  He  suggested  that  the  link  between  streamw'ise  and  normal 
surface  displacements  would  cause  a  negative  production  of  turbulence  near  the 
wall.  Although  his  results  were  disappointing,  in  theory  the  surface  may  react  to 
the  fluid  fluctuations  in  such  a  way  as  to  produce  a  reduced  or  negative  production 
of  instability  growth.  The  surface  would  then  be  attractive  for  potentially  delaying 
transition  in  laminar  boundary  layers. 
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The  mechanical  model  consists  of  a  thin,  elastic  plate  supported  by  hinged 
and  sprung  rigid  members  inclined  to  the  horizontal  and  facing  upstream  at  an 
angle,  9,  when  in  equilibrium.  A  sketch  of  the  mechanical  wall  is  shown  in  Figure 
1.7.  The  motion  of  the  plate  is  treated  such  that  each  element  of  the  plate  can 
oscillate  in  pendulum  like  motion  about  its  rigid  member.  The  distance  between 
each  member  is  assumed  much  smaller  than  a  characteristic  wavelength  of  the  flow 
instability.  This  mechanical  model  may  be  regarded  as  an  approximate  model  for 
a  flexible  plate  supported  by  fibre-composite  sheets,  or  a  thin  plate  supported  by 
ribs  that  extend  spanwise.  Thus,  it  becomes  comparatively  stiff  in  the  spanwise 
direction. 

The  derivation  of  the  boundary  conditions  is  begin  by  enforcing  the  continuity 
of  motion  between  the  fluid  and  wall.  The  streamwise,  normal,  and  spanwise 
continuity  equations  are  given  by 


—  =  u{x,y,  z,  t) 
eft 

3.2.1  a 

dV  , 

—  =  v(x,y,z,t) 

3.2.1 6 

3C 

—  =  w(x,y,z,t) 

3.2.1c 

where  (£,*7,0  are  the  streamwise,  normal,  and  spanwise  surface  displacements 
and  ( u,v,w )  are  the  velocity  components  as  defined  earlier.  The  instantaneous 
quantities  are  given  by 


£  =  to  +  Mi 

and 

u  =  U0  +  Aui 

3.2.2 a 

T)  =  T)o  +  At)  1 

and 

v  =  Avi 

3.2.26 

C  =  Co  +  Mi 

and 

w  =  Awi 

3.2.2c 
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It  is  assumed  that  there  is  no  mean  surface  deformation  implying,  (£o>r?otCo)  = 
(0,0,0).  By  expanding  the  surface  displacement  in  a  Taylor  series  about 
(6>*?i,Ci)  =  (0,0,0)  and  substituting  into  (3.2.2)  we  find 


(UQ  +  Au j )  +  A 


dAu i 
^  dx 


+  A  TJi 


d(U0  +  Aui) 
dy 


4-  h.o.t 


3.2.3 a 


drji  dAv]  dAvj  dAv\ 

A  —  =  Avi  +  A£ i  —  +  At)i  — —  +  ACi  — r-=-  +  h.o.t. 
at  ox  ay  az 


d(i  dAw  i  dAw j  dAw\ 

A  —  =  Aw i  +  Ah  — —  +  At) j  -  -  +  Ah  — -  +  h.o.t. 

at  ox  ay  az 


3.2.36 

3.2.3c 


Linearizing  the  equations  on  the  primary  wave  amplitude,  A,  the  resulting  conti¬ 
nuity  equations  are 


—  =  ui  +  ThU0 


dm 

dt 


=  Vi 


£Ci 

dt 


=  10 1 


3.2.4a 

3.2.46 

3.2.4c 


At  this  point  we  may  elect  to  make  an  assumption  relative  to  the  wall  model 
being  used.  Since  the  swivel-arm,  or  rib,  for  a  given  element’s  orientation  is  such 
that  the  streamwise  and  normal  wall  motion  will  have  a  much  greater  freedom  of 
motion  than  the  span  wise,  we  can  assume  the  following 


Cl  <<  *?iiCi  3-2.5 

So  we  let  Ci  =  0-  From  equation  (3.2.4c),  the  spanwise  fluctuation  at  the  wall 
is  zero,  or  itq  =  0.  This  is  consistent  with  the  Grosskreutz  coating  since  the 
stiff  ribs  extend  in  the  spanwise  direction  thus  allowing  for  little  or  no  motion. 
But  for  a  more  conventional  coating  where  stiffened  fibers  are  imbedded  in  a 
soft  matrix  equation,  (3.2.5)  may  not  hold.  So  to  retain  some  freedom  with  the 
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coating  behavior,  we  do  not  choose  to  assume  (3.2.5)  and  proceed  with  the  full 
three-dimensional  model  which  allows  spanwise  surface  displacements. 

For  small  displacements  of  an  element  out  of  equilibrium,  the  mechanical 
surface  can  be  thought  to  move  in  a  direction  perpendicular  to  the  rigid  swivel- 
arm,  or  rib  element,  since  the  horizontal  and  vertical  displacements  are  linked. 
The  equation  of  motion  for  the  element  in  the  streamwise  direction  is  given  such 
that  the  total  force  acting  on  the  surface  by  the  fluid  fluctuations  balances  with 
the  force  due  to  the  wall.  This  equation  is  given  by 


p  b^-  +  (B  ^i  +  2 D 

Pmb  ^  +  (UX  QxA  +  214,  dx2d 


72  +  r) cos^  6  +  ke  Th 


- Exb- —  sin  9  cos  9 
ox 1 


=  -  p  cos2  9  +  ryy  cos2  9  -f  ryx  sin  9  cos  9 


3.2.6 


The  terms  on  the  left  hand  side  of  (3.2.6)  refer  to  mechanical  forces  and  the 
terms  on  the  right  refer  to  fluid  motion  forces  due  to  viscous  stress  and  pressure 
fluctuations.  For  the  case  where  the  ribs  are  aligned  at  9  —  0°  the  wall  becomes 
isotropic  and  reduces  to  the  theoretical  model  studied  by  Carpenter  and  Garrad 
(1985,  1986).  Otherwise  the  wall  is  referred  to  as  non-isotropic  and  the  rib  angle  is 
determined  by  9.  For  Ex  =  Ez  the  plate  is  described  as  isotropic  and  for  Ex  ^  Ez 
the  plate  is  orthotropic.  The  effect  of  an  isotropic  and  of  an  orthotropic  plate  with 
Ez  =  0  combined  with  both  isotropic  (9  =  0°)  and  non-isotropic  (9  >  0°)  walls 
supporting  substrates,  on  three-dimensional  disturbances  will  be  investigated. 
The  physical  meaning  of  each  term  in  (3.2.6)  is  given,  respectively,  as 

(1)  rate  of  change  of  momentum  of  the  surface  element 

(2)  resistance  due  to  the  bending  stiffness  in  the  streamwise  direction 

(3)  resistance  due  to  the  bending  stiffness  in  the  transverse  (9  =  45)  direction 

(4)  resistance  due  to  the  bending  stiffness  in  the  spanwise  direction 
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(5)  resistance  due  to  effective  spring  stiffness,  or  stiffness  of  the  ribs,  and  the 
resistance  to  their  motion  due  to  the  matrix,  or  substrate 

(6)  tension  force  induced  by  relative  motion  of  adjacent  rigid  member,  or  rib,  in 
the  streamwise  direction 

(7)  force  due  to  the  dynamic  pressure  fluctuations 

(8)  force  due  to  the  normal  viscous  stress  fluctuations 

(9)  force  due  to  the  streamwise  viscous  shear  stress  fluctuations 

The  variables  of  the  mechanical  model  may  be  defined  as:  60  is  the  angular 
displacement  of  the  element  relative  to  the  equilibrium  position;  i  is  the  rigid 
member  length  in  the  mechanical  model;  pm  and  b  are  the  plate  density  and 
thickness;  ( BX,BXZ,BZ )  are  the  flexural  rigidities  of  the  plate  in  the  streamwise, 
transverse  and  spanwise  directions;  ( EX,EZ )  are  the  moduli  of  elasticity  of  the 
plate;  Ke  is  the  effective  spring  stiffness;  and  p,  ryy  and  ryz  are  the  pressure, 
normal  viscous  stress,  and  streamwise  viscous  shear  stress  fluctuations  in  the  fluid 
acting  on  the  wall. 

The  effective  spring  stiffness  incorporates  the  body  forces  such  that 

Ke  =  K  —  g(p  —  p,)  cos  0  3.2.7 


where  K  is  the  spring  stiffness,  g  is  the  acceleration  due  to  gravity,  p,  is  the 
substrate  density.  In  this  investigation  the  case  where  (p  =  p,)  is  considered,  so 
Ke  =  K. 


In  addition,  the  flexural  rigidities  may  be  found  by  the  relations 

Ezb 3 


Bz  = 


E,  b3 


12(1-*',*',) 


and  Bt  = 


12(1  -*',*/,) 


3.2.8 


The  materials  used  to  manufacture  a  practical  compliant  coating  would  most 
likely  have  Poisson  ratios  that  are  very  close  to  0.5.  It  is  therefore  assumed 
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ux  =  v/z  =  0,5.  A  reasonable  approximation  for  is  given  by 

BX1  =  \/BxBz  3.2.9 

The  necessary  equations  of  motion  for  the  surface  are  coupled  by  a  relationship 
between  the  tangential  and  normal  displacements  (£] ,  r?j )  with  the  angular  dis¬ 
placement  (69)  such  that 

=£60  sin  9  and  rjj  =£69  cos  9  3.2.10a 

or 

=  r?]tan0  3.2.106 

The  displacement  of  the  surface  is  assumed  to  take  the  same  normal  mode  form 
as  equation  (2.2.11,13),  or 

=  {£i >  *7l  t  Cj  }(y)  •exp[»a(z  cos4>+  z  sin <f>  —  crf)]  +  c.c.  3.2.11 

Substituting  into  the  streamwise  force  balance  equation  for  the  wall  and  nondi- 
mensionalizing,  we  find 

Cm^2  +  (Cbz  cos4  <t>  +  2 Cgxz  sin2  <j>  cos2  <j>  -f  Cbz  sin4  <P)(xA  cos2  9 
+  Ck  +  Crza2  sin2  9  cos2  <^j  r) j 

=  -  p cos2  9  +  fn  cos2  9  +  rfX  sin  ^  cos  ^  3.2.12 

where 


Cbz  = 
Cm  = 


/-»  Bzz 

CB*z  - 

^  KS' 

C*  7TUT 


Cb*  = 

r  _  E,b 
C  Tz  —  -  .  tt !  c 


In  order  to  obtain  equations  for  the  wall  motion  in  terms  of  the  normal  velocity  (v) 


and  vorticity  (f 1),  relations  for  u  and  w  are  formulated  from  the  fluid  continuity 
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equation  and  the  definition  of  normal  vorticity.  For  the  primary  instability  this 


gives 


ill  =  —  [cos^t/j  —  sin<£flj] 


3.2.13a 


xb\  =  —  [sin^Oj  +cos^Sii] 


3.2.136 


Similarly,  substituting  (3.2.11)  and  (3.2.13)  into  the  linearized  continuity  equa¬ 


tions  results  in 


a(U'0  cos  9  +  iu  sin  6)t)\  =  i[sin<£fli  —  cos  <pv[  ]  cos  9  3.2.14 a 


f}\U  =  IV] 


3.2.146 


ao»Ci  =  -[sin^u'j  +  cos<£fi]] 


3.2.14c 


This  along  with  the  following  relations  for  viscous  and  pressure  fluctuations  at 
the  wall  are  then  substituted  into  (3.2.12)  resulting  in  a  boundary  condition  for 
the  wall. 

The  stress  tensor  is  given  by 


l  dui  duj 


3.2.15 


The  normal  viscous  stress  at  the  wall  is  found  from  (3.2.15)  to  be 


rn  —  2  H-t- 


3.2.16a 


or  nondimensionally 


.  _  2 

T”  Rs  Vl 


The  streamwise  viscous  shear  stress  at  the  wall  from  (3.2.15)  is 


3.2.166 


(  dv  du 

r-  =  ',(^+9; 


3.2.17a 
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or  nondimensionally  in  normal  modes 


tyX  =  — (iacos<s i>v\  +  u\) 
Ks 


Substituting  equation  (3.2.13)  in  for  u  gives 


3.2.176 


Tyz  =  [cos  4>v j"  +  a2  cos  4>i)\  -  sin  Vj]  3.2.18 

The  pressure  fluctuation  is  found  from  the  linearized  streamwise  and  span- 
wise  components  of  the  Navior-Stokes  equations.  In  normal  components  this  is 

P  =  h'"  +  (iu>Rs  ~  a2)ui'  +  ia  cos  3.2.19 

Substituting  the  above  relations  for  pressure  and  stress  fluctuations  into  (3.2.12) 
yields 


—  Cmu‘2  +  (Cbz  cos4  4>  2 Cjjzt  sin2  <f>  cos2  4>  +  Cbz  sin4  0^a4  cos2  8 

(sin^flj  —  cos  </>v\)  cos  8 


+  Ck  +  CjzO2  sin2  8  cos2  <f> 
cos2  8 


( U'0  cos  8  +  iu  sin  8) 


+ 


a2Rf 

i  sin  8  cos  8 
aRs 


v\"  +  (itjRs  -  a2)ui'  -I-  ia  cos  (bRsUgbi 
cos  +  q2  cos  4>v\  -  sin  <t>Cl' \  |  =0 


2  cos2  8  . 


3.2.20 
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By  rearranging  (3.2.20)  the  resulting  boundary  condition  may  be  obtained. 

g5  [(Cbz  cos4  <t>  +  2 Cgxz  cos2  0sin2  <f>  +  Cbz  sin4  <t> )  cos2  #j  (cos2  <pv\ 

—  sin  4>  cos  4>tl  \ )  +  sin2  9  cos2  4>  +  q(Ck  —  w2  Cm  )j  (cos2  <f>v[ 

a 2  cos  9  cos  <f>  r,  ...  ,  „  t  , 

— — — - |^(2u>  sin#  -  3 iU0  cos  #)  +  u> 2  sin  9  sin2  <pj  v\ 


—  sin  4>  cos  <t>Cl\ )  + 


-  {U'a  cos  9  sin2  4>  +  iu  sin  #)u>  cos  9  cos  <j>v\ 

irri  „  ,  ■  •  m  sin#  cos2  4>  ..  i  cos  9  cos  (f>  ,  ^  k  ... 

+  a(U0  cos  9  +  iu>sm9) - - - v "  H - - - (t^cos#-f  ujsm#)t;" 

Ks  Rg 

, 

+  (cj  sin  #  — - Cf'  cos  #)u?  cos  9  cos 1  <f>  sin 

RS 


a 


—  sin  9  sin  4>  cos  <t>-r~{U'0  cos  9  +  iu>  sin  9)Cl\  =  0 
Kg 


3.2.21 


The  second  boundary  condition  may  be  obtained  by  combining  (3.2.14a)  and 
(3.2.14b).  This  gives 


a(U'0  cos  9  +  iu>sin#)ui  4-  u>  cos#[cos  <f>v[  -  sin<£fli]  =  0  3.2.22 


The  final  boundary  condition  accounts  for  the  spanwise  motion  and  the  continuity 
given  by  (3.2.14c).  In  order  to  remove  the  spanwise  surface  displacement  (j,  an 
additional  equation  must  be  found.  This  equation  results  from  the  balance  of 
forces  in  the  spanwise  direction  and  is  given  as 

+  K.C  1  -  =  r„  3.2.23 

where  the  first  term  is  the  spanwise  rate  of  change  of  momentum  of  the  surface 
element;  the  second  term  is  the  resistance  due  to  an  effective  spanwise  spring 
stiffness  with  K,  as  an  effective  stiffening  parameter;  the  third  term  is  a  tension 
force  induced  by  the  relative  motion  of  an  adjacent  rib;  and  the  final  term  is  the 
fluid  force  due  to  the  spanwise  viscous  shear  stress  fluctuation.  This  equation 
is  a  result  of  assuming  that  the  rigid  member  is  normal  to  the  plate.  For  the 
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Grosskreutz  coating,  K,  would  be  very  large  resulting  in  no  spanwise  surface  dis¬ 
placement.  This  results  in  (3.2.5)  being  acceptable,  or  the  spanwise  displacement 
is  insignificant  as  compared  to  the  normal  and  streamwise  surface  motion. 

Proceeding  to  obtain  the  final  boundary  condition,  equation  (3.2.23)  is  nondi- 
mensionalized  and  normal  modes  are  introduced,  giving 

[-Cmu2  +  Ck,  +  CTza2  sin2  =  fyz  3.2.24 


where 


Ck,  = 


K,6m 


and  Ctz  = 


Ezb 


PooUl  “  "  PooUlS- 

From  the  stress  tensor  (3.2.15)  the  following  results. 


dv  dw  v 

r"  =  ^Tz  +  a?* 


3.2.25a 


or 


fyz  =  — —  [sin<£{}"  +  a2i)]  +  cos^fij]  3.2.256 

To  arrive  at  the  final  form  of  the  boundary  condition  the  shear  stress  (3.2.25) 
and  the  continuity  equation  (3.2.14c)  are  substituted  into  (3.2.24).  This  gives 


[CjjT,  -  Cmu}2  +  Ctzo2  sin2  <^J  (cos  -f  sin  <f>v\ ) 


iu 


+  — (sin  <pv{  +  o2  sin  <f>v\  +  cos  4> (l\ )  =  0  3.2.26 

R 


To  simulate  the  rigid  wall  case,  let  Cm  -*  oo  or  Cjj  and  Ck  — ►  oo.  In  this  way 
the  above  boundary  conditions  reduce  to  that  of  the  flat  plate.  To  simulate  the 
Grosskreutz  coating,  let  Ck,  — »  oo.  This  implies  that  (]  =  u>j(0)  =  0.  For  the 
6  =  0°  case,  an  isotropic  wall  is  simulated.  And  for  the  6  ±  0°  case,  a  non-isotropic 


wall  is  found. 
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3.3  Secondary  Wall  Equations 


In  this  section  the  compliant  wall  boundary  equations  will  be  derived  for 
secondary  instabilities.  The  analysis  follows  the  same  route  as  was  taken  for 
the  primary  instabilities,  except  a  number  of  additional  terms  arise.  These  are 
due  to  the  primary  wave,  and  thus  the  wall  motion  is  parametrically  driven  by 
the  primary  flow.  This  is  consistent  with  the  derivations  and  discussion  of  the 
secondary  fluid  equations  of  motion  in  the  previous  chapter.  As  with  the  fluid 
equations,  the  derivations  below  are  for  the  reference  frame  moving  with  the 
primary  wave.  Some  of  the  equations  are  repeated  from  the  previous  section. 
This  is  done  to  maintain  a  flow  of  the  derivations  since  the  equations  are  quite 
large  and  the  analysis  becomes  tedious. 

For  the  secondary  fluid/wall  interaction  and  subsequent  wall  motion,  we 
begin  with  the  same  general  governing  equations  as  with  the  primary.  Thus,  we 
have  continuity  of  fluid  and  wall  motion  in  each  direction  as  well  as  the  equations 
of  force  balance  in  the  streamwise  and  spanwise  directions.  The  continuity  of 
motion  between  the  fluid  and  wall  implies 


£i 

at 


u(x,y,z,t) 


dr)  ,  ,, 
—  =  v(x,y,z,t\ 
ot 


d£ 

dt 


w(x,y,z,t) 


3.3.1  a 

3.3.1 b 
3.3.1c 


where  the  independent  variables  are  in  a  reference  frame  moving  with  the  pri¬ 
mary  wave  at  phase  speed,  (c*,0,c2).  Consistent  with  the  fluid  equations,  the 
amplitude  of  the  primary  wave  is  locally  non-varying.  The  instantaneous  velocity 
and  surface  displacements  are 


£  =  (o  +  Mi  +  and  u  =  U0  +  Aux  +  Bu 3 


3.3.2a 
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77  =  Tj0  +  A771  +  Bt)3  and  v  =  Avy  +  Bv  3 
c  =  Co  +  ACi  +  BC,  3  and  w  =  Wa  +  AtC]  +  Bw3 


3.3.2 6 
3.3.2c 


Expand  the  surface  displacements  in  a  Taylor  series  about  (£,77,C)  =  (0,0,0). 
This  gives 


£i 

£C  . 

3t 


f  5u 
‘ax 

5d 
'  dx 

_dw 
'  dx 


du  du 

+  75 — t-  Ct — b  h.o.t 
dy  dz 

3.3.3 a 

dv  dv 

+  +  (7 — b  h.o.t 

dy  dz 

3.3.36 

dw  dw 

+  - b  - b  h.o.t 

dy  dz 

3.3.3c 

Consistent  with  the  fluid  equations,  the  primary  fluid/wall  interaction  is  assumed 
exactly  represented  by  the  respective  equations.  Thus,  by  substitution  and  lin¬ 
earization  on  the  secondary  amplitude  B,  the  continuity  equations  result. 
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dt 


,  tt<  ,  Ac  du 3  ,  du3  du 3  3ui  am  \ 

=  t*S+»JP„  +  >l(fl-5r+»l-5J-+(l-gr  +  f3-5r+»3-5J  +  (S-5r) 

3.3.4a 

5r?3  >  Ac  dv3  ,  dv*  ,  r  dv3  ,  f  ,  ,  5ui  \ 

lr  =  ^  +  A|{1— +  +  0— +  6-5r  +  ^-ir  +  <3-57)  3.3.46 

56  ,  .  ,  J.  5u73  ,  dw3  dw3  dwi  dwi  divy  \ 

-f  =  m3  +  mW'  +  A{(1—  +  m—  +  <,—  +  (,-sr  +  h-jj-  +  (>~gp  j 

3.3.4c 

With  these  equations,  some  parallels  are  drawn  with  the  fluid  equations.  First,  if 
the  primary  amplitude,  A,  goes  to  zero,  the  primary  compliant  boundary  equa¬ 
tions  result.  This  occurs  similarly  with  the  fluid  equations.  Secondly,  the  terms  in 
the  equations  that  are  amplitude  dependent  involve  coefficients  that  are  functions 
of  the  primary  wave.  So  as  with  the  fluid,  the  wall  is  dependent  on  the  primary 
wave  development.  The  difference  between  the  fluid  equations  and  boundary 
conditions  that  does  arise  makes  the  analysis  very  tedious.  Equations  (3.3.4)  in¬ 
volve  six  unknowns  for  the  velocity  fluctuations  and  surface  displacement  in  a 
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highly  coupled  system.  The  goal,  as  with  the  primary  boundary  conditions,  is  to 
arrive  at  a  set  of  equations  which  represent  the  surface  motion  in  terms  of  the 
normal  velocity  and  vorticity. 

The  first  step  to  accomplish  this  involves  representing  (3.3.4)  in  normal 
modes.  This  form  is  the  same  as  (2.3.14),  or 


OO 

£  {L,f)n,tn}eN  3.3.5 

7l  =  —  OO 

where  as  before  this  and  subsequent  equations  will  involve  symbols  listed  in 
(2.3.21).  This  is  done  to  simplify  the  equations.  Equations  (2.3.5,  14)  and  (3.3.5) 
are  substituted  into  the  linearized  continuity  equations  giving 


<r£i %eN  =(fi«  +  U'0fin)eN 

+  A(^ma„un  +  T)mu[.  +  Cm/?„«n  +  irnoc  COS  <pUm£n 


+u'f) n  +  imot  sin  <t)UmCn  }e 


l 


,N+M 


3.3.6a 


-  N  -  N 
crr]ne  ~vne 


+  ^S  ZmCt nVn  +  T]mvn  +  C mPnVn  +  tmCX  COS  <pVm£n 


+  v'f)n  +  imct  sin  <f)vm(n  }eN+M 


3.3 .6b 
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"Le”  =(wn  +  W,0f]n)eN 


+  A<  i  mOtnWn  "f"  ‘Hm^n  "F  Cm/^n^n  "F  if'ftG' COS  0U!m£n 


+  w'rnf)n  +  ima  sin  4>wmCn  \eN+M 


3.3.6c 


From  the  mechanical  model  a  relationship  between  the  normal  and  streamwise 
displacement  is  found  and  given  in  equation  (3.2.10).  From  the  mass  continuity 


and  vorticitv  we  find 


f  ^ n  o  * 1  1 

-  A-1 


3.3.7a 


~  r  &ti  A  „  t  i 

*"*  =  +  ir*1 


3.3.7b 


Substituting  (3.2.10)  and  (3.3.7)  into  (3.3.6)  reduces  the  unknown  dependent 
variables  to  four.  This  results  in 


i\-  N  r  fin  A  Q«  -f 


(o-tan 6  -  U0)i)ne  =(— —  -  —  6n)e 

^ n 


+  A|(qmtan0a„  +  ^m(3n){^-Cln  -  ~v'n) 

3  ~  Q 

+  '7m{-r-ft'n  -  T1{)n)  +  (tunOimct  cos  4>um  +  u'm)fjn 


+  imosin0umCn 


3.3  8a 


ai)neN  =vneN  +  (qmtan0a„  +  Cm0n)vn  +  r)mv'n 


+  (tan0ima  cos  0um  +  v'm)T)n  +  ima  sin  0um(n  >eN+M  3.3.8 b 


59 


°LeN  =  -  (£=-«,  +  +  vr'r)ne 


-■<4  |  (Vmta.n0an  +  Cm0n)(~L^n  +  ^r~i,'n) 

An  An 

+  Tlm(~-tt,n  +  -r-K)  -  (ta-nffima  cos  (f)wm  +  w'm)f)n 

^ n 


—  ima  sin  4>ivm(n  \e 


N+M 


3.3.8c 


To  further  reduce  the  number  of  unknown  dependent  variables,  additional  equa¬ 
tions  must  be  used. 

The  equation  representing  the  balance  of  forces  between  the  fluid  and  wall 
in  the  spanwise  direction  is  introduced. 


.  „,d2Cj 

Prnb-rpr  +  O- iCz  -  Ezb 


dt2  -  —  dz}  -T^ 


3.3.9 


This  is  the  same  form  as  equation  (3.2.23)  for  the  primary  wall.  From  the  stress 
tensor  (3.2.15)  we  find 

1  f)vi  r)u>i 

3.3.10 a 


or  in  normal  modes 


Substituting  for  w'  gives 


1  dv3  dw3 
Tvt  ~  Rs^  dz  +  dy  ^ 


T t*  =  »Vn  +  w'n)eN 


3.3.10  b 


-  /  a  -  an  A.i  0 n  -It  \  N 

T*t  =  —  (£»««  -  ~  ~^~Vn)e 


1  - 
~  Rf 


3.3.10c 


In  nondimensional  and  normal  modes  and  substituting  in  the  stress  relation 
(3.3.10)  the  spanwise  surface  displacement  is  given  by 


Cn  =  ~(P  nVn  ~  )/(CM  ^  +  C  K,  -  CTl/^)c* 


3.3.11 
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where 


^ _  Prnb  ^  K,6* 

L  Km  —  rry 
Poo  6  Poo  U 


Ctz  = 


P00UL6' 


This  relation  for  the  spanwise  surface  displacement  is  substituted  into  (3.3.8)  to 


+  <‘'tan9  -  Vl)tin]eN 
=  A\  (r?mtan0on  +  Cm?n)(^L0n  - 

+T1m(~^'n  -  ~v")  +  (tanflimo  cos  4>um  +  u'm)r)n 

,  _ ima  sin  <j>um  -  .  an  - , 

Re{CM(T2  +  CK,  -  CTzPn) 

P*  \  \  „N+M 


-z-V' 


3.3.12a 


( °rh_-vn)eN  =  A  j(77mtan0an  +  C,m0n)vn  +  T]mvn 


+  (tan^!macos0i’m  +  vm)*?» 

ima  sin  <pvm  —  an  - .  /?„  „  1  v , ,, 

+ - : - — - —(/?*«»  ~  -r-n'n  -  ^K)  }e*+M  3.3.12b 

Rs{Cmo2  +  Ck,  -  CTzpn)  A n  J 


£</».*.  ■  +  <c"ff2  +  c*-.  -  Pr./£>(£-n.  +  I^Ule" 


+  =  -MCmo*  +  Ck.  -  Ct,pI)1  (r)mtan0a„  +  (m0„)( 

^  ZXn 

+  r?m{7-!Ln'n  +  ~v'l)  -  On  (tanflimo cos <£icm  +  ic^) 


- 7sm^  _  ((?.«.  -  f  o  U" 

Rs(Cu^  +  Ctf.  -  CTzPn)  j 


3.3.12c 
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Thus,  the  above  continuity  equations  are  in  terms  of  the  normal  velocity,  normal 
vorticity,  and  normal  surface  displacement  only. 

The  final  necessary  boundary  equation  is  derived  from  a  balance  of  fluid  and 
wall  forces  in  the  stream  wise  direction.  A  balance  of  forces  yields 


,  d ^  d 4 

\.pTnb~^2  +  (Bx'aZ4+2B 


d4  „  d4  x  2 

~a^  +  i?^)cos  6 


+  Ke  -  Exb~z—£  sin2  9}  r?3 

=  —  p  cos2  6  +  tvv  cos2  0  4-  tvx  sin  9  cos  9  3.3.13 


or  nondimensionally 


.  d ^  d 4 

j  +  (Cbx-z-7+2CBi 


d4  „  d4  v  2 

3^37  +  CB.g?)oos  6 


+Ck  -  Or*  sin2  0]  773 

=  -  pcos2  9  +  tvv  cos2  9  +  fyj.  sin  9  cos  0  3.3.14 


The  normal  stress  is  given  as 


Tyy  — 


2  dv 
Re  dy 


3.3.15a 


T”  = 


3.3.156 


The  streamwise  shear  stress  is  given  by 


1  dv  du 
vz  Rg  dx  +  dy 


3.3.16a 


In  normal  modes  and  replacing  u  by  the  appropriate  velocity-vorticity  relation 


gives 


1  (—  -  Qn  0n  <y  \  w 

*'  "  J!((  "  "  A„"  +  A„  n) 


3.3.166 
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The  pressure  fluctuation  at  the  wall  is  found  from  the  linearized  streamwise  and 
spanwise  momentum  equations.  This  results  in  the  following  pressure  in  normal 
modes 


A„p  = 


j-l-^-An  -<r  +  cxan  +  cz(3n}v  -  -  ( U'0an  +  W^/3n)t)n|eiV 


+  A<  ( uman  +  wm/3n)v'n  +  -  {u'man  +  u/ri/?n)t>T1 


_  ^  A 

+  ima  cos <p(uman  +  wmPn)(-~^-v'n  -  ~^n) 

A n  An 

+ima  sin  4>(uman  +  wmPn)(^~-vn  +  ~~&n)  >e^+M 

An  A n 


3.3.17 


Substituting  the  normal  mode  relation  (3.3.5)  along  with  the  stress  and  pressure 
relations  (3.3.15-17)  into  (3.3.14),  the  final  necessary  equation  to  complete  the 
boundary  conditions  results.  This  is  given  as 


[CAfo-2  +  {CBxal  +  2Cbxz  +  Cb*/^)cos2  9  +  CK 
-Ctx^I  sin2  0]finAneN 


{' 


a  +  C*Q«  +  CzPnWn  +  +  (U'o<*n  +  W  */?„)£* 


Antan0 


Rs 


f  an  - II  —  -  @  it  (V  \ 

QnVn  a;  n)J 


+  >!<  ( uman  +  wm(3n)vn  +  vm0"  -  (u^a»  + 


_  Q  ^ 

+  imaCOS0(umQn  +  Wm0n){-~Vn  -  — ^An) 

An  An 


+  ima sin <^>(uman  +  u’m^nX'T2'^  +  T^An)  [  cos2  9eN+M  =  0  3.3.18 

An  An  1 


The  complete  boundary  conditions  are  the  system  of  equations  given  by 
(3.3.12,  18).  This  must  be  reduced  to  three  equations  in  terms  of  the  normal 
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velocity  and  normal  vorticity  prior  to  obtaining  solutions.  This  elimination  of 
(f/n)  from  the  boundary  conditions  is  in  itself  not  trivial.  Great  care  must  be 
maintained  with  the  subscripts  (n  and  m).  They  identify  which  Fourier  mode 
is  being  represented.  So  in  order  to  obtain  a  general  closed  form  for  the  three 
boundary  conditions  in  terms  of  velocity  and  vorticity  only,  a  number  of  “re¬ 
definitions”  must  be  carried  out  for  the  subscripts  depending  on  the  modes  being 
considered.  Since  we  are  interested  in  solving  for  only  two  modes  for  the  subhar¬ 
monic  and  three  for  the  fundamental,  we  choose  to  avoid  this  index  redefinition 
route.  Instead,  by  the  use  of  equation  (3.3.12b)  and  identifying  the  modes  of 
interest,  relations  can  be  found  for  the  modes  representing  the  normal  surface 
displacement  in  terms  of  velocity  and  vorticity  only.  These  are  then  substituted 
into  (3.3.12a,  12b,  18)  and  the  final  form  of  the  boundary  conditions  is  deter¬ 
mined.  The  complete  derivations  and  a  listing  of  these  boundary  conditions  are 
given  in  Appendix  B. 

Before  the  solution  methods  are  discussed,  a  few  general  observations  of  these 
equations  should  be  noted.  First,  no  simplifications  or  assumptions  have  been 
made  concerning  the  eigenmode  calculations.  Either  a  spatial  or  temporal  anal¬ 
ysis  may  be  made.  Second,  two-  or  three-dimensional  primary  waves  may  be 
used.  Finally,  a  not  so  positive  attribute  is  found  with  the  order  of  the  eigenvalue 
present.  For  the  subharmonic  mode  represented  by  two  Fourier  modes,  the  tem¬ 
poral  eigenvalue  (cr),  appears  to  the  seventh  order.  For  the  fundamental  mode 
with  three  Fourier  modes,  the  temporal  eigenvalue  {a)  appears  to  the  tenth  order. 
So  as  more  Fourier  modes  are  included,  the  order  of  the  eigenvalue  subsequently 
increases  considerably  and,  in  fact,  leads  to  an  overbearing  problem  computa¬ 
tionally.  So  we  find  that  in  parallel  with  the  primary  problem,  the  highest  order 
of  the  eigenvalue  appears  in  the  boundary  conditions.  With  these  considerations 
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noted,  we  focus  our  attention  on  obtaining  solutions  to  the  above  coupled  system 
of  fluid  and  wall  equations. 

In  the  next  chapter,  spectral  and  shooting  approaches  are  introduced  to 
solve  for  the  three-dimensional  primary  and  secondary  instabilities  over  compliant 
walls. 
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CHAPTER  4 

NUMERICAL  METHODS  OF  SOLUTION 


4.1  Introduction 


In  this  chapter,  two  numerical  approaches  are  introduced  to  solve  the  above 
formed  system  of  equations  and  boundary  conditions  representing  transition  over 
a  compliant  wall.  The  first  is  a  spectral  approximation.  Both  global  and  local 
schemes  are  outlined.  The  second  approach  is  a  shooting  method.  The  spectral 
method  enables  the  capture  of  the  discrete  spectrum  of  the  eigenvalues.  For 
a  given  eigenvalue,  the  local  method  enables  an  efficient  tracking  of  the  mode 
downstream  or  over  the  frequency  range  of  interest.  In  the  next  two  sections 
local  and  global  approaches  are  outlined  for  the  primary  instability  problem.  In 
the  final  sections,  local  and  global  approaches  are  discussed  for  the  secondary 
instability  problem. 

4.2  Spectral  Method  for  Primary  Instabilities 

A  spectral  method  may  be  defined  as  a  series  solution  approximation  whose 
basis  is  made  up  of  an  orthogonal  set  of  polynomials.  In  particular,  we  make 
use  of  Chebyshev  polynomials  which  are  defined  and  discussed  in  Appendix  C. 
Gottlieb  and  Orszag  (1977)  have  shown  that  the  use  of  Chebyshev  polynomials  in 
a  series  leads  to  good  resolution  near  the  boundaries.  This  is  of  great  importance 
in  our  investigation  due  to  the  fluid/wall  motion  which  occurs.  Additionally,  the 
rate  of  convergence  for  the  series  is  exponential  with  the  number  of  polynomials 
as  compared  to  trigonometric  series  which  are  algebraic. 

The  technique  used  to  formulate  the  numerical  approximation  for  two- 
dimensional,  laminar  boundary-layer  flow  over  a  flat  plate  was  previously  studied 
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by  Bridges  and  Morris  (1984a)  and  Bridges  (1984).  This  amounted  to  an  eigen¬ 
value  problem  which  is  nonlinear  in  the  eigenvalue  to  fourth-order.  The  approach 
which  will  be  discussed  has  also  been  used  to  study  the  two-dimensional  com¬ 
pliant  wall  problem  by  Carpenter  and  Morris  (1985),  Morris  (1987),  Joslin  and 
Morris  (1987,  1989),  and  Joslin  (1987).  In  the  present  discussion,  the  method  is 
extended  to  allow  for  three-dimensional  instabilities.  With  this,  the  eigenvalue 
spectrum  is  looked  closely  at.  From  this  approach  all  unstable  modes  become 
evident.  Through  a  tracking  procedure  spurious  modes  may  be  identified  and 
neglected  while  the  modes  of  physical  significance  can  be  accurately  obtained. 

The  domain  of  the  physical  problem  extends  from  zero  at  the  wall  to  infinity 
in  the  normal,  or  cross-stream,  direction.  To  solve  the  problem  numerically  using 
the  spectral  method  approximation,  a  transformation  is  employed  to  obtain  a 
finite  domain.  One  reason  for  doing  this  is  made  evident  by  Boyd  (1982),  where 
he  found  that  in  the  infinite  domain  the  optimum  number  of  series  polynomi¬ 


als  is  directly  dependent  on  the  finite  distance  from  the  wall  chosen  for  the  far 
field  boundary  conditions.  So  a  transformation  is  chosen  to  enable  a  reasonable 
computation  domain.  Grosch  and  Orszag  (1977)  have  performed  a  study  of  this 
subject  and  suggest  an  algebraic  transformation.  We  use 


y  -  L 

y  +  L 


or  y  -  L 


1  +  z 


where  z  £  '[— 1,1]  and  y  £  (0,oo).  A  value  of  L  =  2  was  suggested  by  Bridges  and 
Morris  (1984a)  and  is  used  in  this  study.  The  resulting  metric  takes  the  form  of 

,,  dz  (1  -  z)2  t  n  n 

m{z)  =  Ty  =  ~1T~  4'2'2 

A  problem  arises  for  the  far  field  boundary  condition.  In  the  transformed  domain 
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This  introduces  an  ambiguity  for  t)'(l)  since  the  metric  approaches  zero  as  z  — ►  1. 
In  order  to  temporarily  avoid  such  a  problem,  an  additional  dependent  variable 
(£)  is  introduced  and  defined  such  that 

£1  -  mv\  =  0  4.2.4 

This  leads  to  the  following  transformed  system  consisting  of  the  Orr-Sommerfeld 
(2.2.14)  and  Squire’s  (2.2.15)  equations. 

Tn(m(m£\)')'  +  ma\l\  -f  a.2V\  =  0  4.2.5 

m(mCl\)'  +  a3Cl\  +  <14  iq  =  0  4.2.6 

where 

a\(z)  =  -  2a2  -  iRsa(cos<t>U0(z)  -  <v) 

02(2)  =  a4  +  ia3 Rs{cos4>U„{z)  -  cr)  +  i-R*acos077z(z)jm(z)Z7^(2)]' 
a3(z)  =  -  a2  -  iRsa(cos<t>U0(z)  -  <v) 
a4(z)  =  -  iRsasin(t)m(z)U'0(z) 
with  far  field  boundary  conditions 

t>(l)  =  {‘(1)  =  fi(l)  =  0  4.2.7 


and  compliant  wall  conditions 


a5  [(Cbi  cos4  <t>  4-  2 Cbxz  cos2  </>sin2  <t>  +  Cbz  sin4  <£)cos2  #iq(-l)J 
+  a3  [  Ctx  sin2  9  cos2  <j>  +  ck(Ck  -  u2Cm  )J  [cos2  £1  (-1)  -  sin  <j>  cos  4>Cl]  (-1)] 


a2  cos  9  cos  d>  r  ..  n  0  i. 

4 - - - |^(2w  sin#  —  3im(  —  l)U'0(-l)  cos 9)  +  ur  sin  9  sin2  <£j (-1) 

-  |^m(-l)C/^(-l)cos#sin2  <fi  +  iwsin#j  cos  9  cos  4>£\(- 1)) 
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-fa  [m(  — — 1)  cos  8  +  iu>  sin  gl  —  ^°S^m(-lK,(- 1) 

L  J  R{ 

i  cos  9  cos  4>  r  ,  „ .  , ,  -i 

H - jjT - |m(-l)t/0(-l)  cos#  -f  iuj  sin  #Jm(-l)(m(-l)£5  (-1))' 

+  ju>sin#  — - m(-l)17o(-l)cos#ju;cos#cos2  <{>  sin  4>Cl\(- 1) 

-  sin  0  sin  4>  cos  4>-^-[m(-l)U'0(-l)  cos  6  +  iw  sin  #]  m(-l)sVj  (-1)  =  0  4.2.8 

and 


a  cos  —  l)U'0(  —  1)  cos  8+iu:  sin  8)v(  —  1) 

+tu>[sin<£fii(-l)  -  cos ^j(-l)]  cos #  =  0  4.2.9 


and 


[-C^2  +  Ck»  +Cr2a2  sin2  <p^  (cos^Q^-l)  +  sin^i(-l)) 

+  — [sin  <M(-l)fi(-l)  +  a2  sin  4>v\  (  — 1) 

+  cos<j!>m(-l)fl'](-l)j  =  0  4.2.10 


where  the  nondimensional  coefficients  were  previously  defined  as 


Cbx 


Bx 

Poo  £4o  (•> 


CBxi 


Bxz 

pZTUZ 


Cbz  = 


_ Bz 


Poo 


V^s-* 


Ck* 


K,  S' 


Ck  = 


Krr 


Ctz  = 


Ctx 


The  primes  in  equations  (4.2.4-10)  denote  derivatives  with  respect  to  the  trans¬ 
formed  independent  variable,  z,  and  U0(z)  is  the  Blasius  velocity  profile  in  the 
transformed  domain. 

A  spectral  approach  known  as  a  finite  Chebyshev  series  approximation  is 
sought  as  a  means  of  solution.  Properties  of  Chebyshev  polynomials  are  given 
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by  Gottlieb  and  Orszag  (1977);  Fox  and  Parker  (1968);  Canuto,  Hussaini,  Quar- 
teroni,  and  Zang  (1988);  Gottlieb,  Hussaini,  and  Orszag  (1984).  Necessary  trans¬ 
formations  and  integrations  for  this  investigation  are  given  by  Joslin  (1987)  and 
in  Appendix  C. 

A  Chebyshev  series  expansion  for  the  disturbance  in  equations  (4. 2.4-6)  is 
given  by 

N 

{vi.fi.ni}  =  4.2.11 

n=0 

where  vn,£n,fln  are  coefficients  of  the  series;  Tn(z)  are  Chebyshev  polynomials 
of  order  n;  and  the  prime  on  the  summation  signifies  that  the  leading  term  of  the 
series  is  to  be  halved.  The  Blasius  profile  is  expanded  in  a  similar  manner 

OO 

U0  =  Y,'unTn{z)  4.2.12 

n= 0 

Details  of  how  a  known  function  may  be  represented  by  a  Chebyshev  series  is 
given  in  Appendix  C. 

Three  basic  approaches  arise  as  a  means  of  solution  for  spectral  methods. 
These  are  collocation,  Galerkin,  and  tau.  Collocation  (or  pseudo-collocation) 
methods  involve  solving  the  equations  at  discrete  points  determined  by  the  cosine 
trigonometric  function.  In  other  words,  a  function  is  represented  by  only  one 
term  of  the  series  at  the  collocation  point.  This  leads  to  a  simplified  manner  of 
computing  a  numerical  solution.  Instead  of  a  dense  matrix,  diagonally  dominant 
systems  are  found.  This  is  inviting  except  that  a  problem  may  arise  with  enforcing 
the  boundary  conditions.  Difficulties  are  encountered  with  using  a  collocation 
approach  for  the  Orr-Sommerfeld  equation  with  rigid  wall  boundary  conditions. 
This  was  discussed  by  Canuto  et  al.  (1988).  To  avoid  any  complications  with  the 
more  complex  compliant  wall,  we  will  use  the  tau  method  which  was  previously 
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used  by  Morris  (1987)  and  Tr>slin  (1987).  Details  about  the  tau  method  will  be 
given  shortly;  first  the  equations  will  be  placed  in  a  more  useful  form. 

Due  to  the  properties  of  the  Chebyshev  polynomial  and  the  tau  method, 
it  is  convenient  to  pose  the  governing  equations  (4. 2. 4-6)  in  integral  form.  The 
following  equations  result. 

f  i  —  mi)  +  [  m'i>  =  C\  4.2.13 


pU  +  Jp,i+JJnl+fJJ  +  J  J  maii  —  ///(ma,)'? 

///  CL^V  =  C2  +  C32  +  C  4  ~  2 


+ 


4.2.14 


P\Ci  ■+■  J  P5C1  +  J  J  P(i£i  -f  J  J  0.3C1  +  J  J  a^v  —  C5  +  C5 


z  4.2.15 


and 


0^ 

II 

m3 

Pi  = 

m2 

Pi  = 

—6m2m' 

Ps  = 

—  3  mm' 

P2  = 

7  m(mf)2  +  4  m2mH 

Pe  = 

(m')2  -1-  mm 

Pi  =  -(m(mm')'y 


The  tau  method  was  introduced  by  Lanczos  (1938).  A  detailed  sample  prob¬ 
lem  explaining  the  tau  method  is  given  by  Bridges  and  Morris  (1984a).  Equation 
(4.2.4)  which  has  one  constant  of  integration  is  used  for  our  explanation.  By 
equating  coefficients  of  the  Chebyshev  polynomials  of  equal  order,  a  system  of 
linear  equations  result.  The  tau  method  involves  the  addition  of  one  term  of  the 
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form  t7jv+]  ( z )  to  the  right  hand  side  of  (4.2.4)  to  close  the  system  of  equations. 
The  equation  involving  the  polynomial  Ta(z )  serves  to  determine  the  constant  of 
integration  only  and  need  not  be  explicitly  calculated  for  the  problem  at  hand. 
The  added  “tau”  term  need  not  be  explicitly  calculated  either.  The  resulting  sys¬ 
tem  then  consists  of  N  equations  and  one  boundary  constraint.  When  combined 
an  N  -f  1  system  of  equations  results  with  N  +  1  unknowns. 

The  tau  method  and  the  Chebvshev  product  and  integral  formulas  are  used. 
The  metric  (4.2.2)  represented  by  a  Chebyshev  series  is 

m(z)  = -£jrT0{z)  -  jT^z)  + -^-Tziz)  4.2.16 

The  Chebyshev  series  are  substituted  into  (4.2.13-15).  This  results  in  a  system  of 
equations  with  vectors  of  unknown  Chebyshev  coefficients  and  unknown  eigen¬ 
values.  Using  the  far  field  condition,  £(l)  =  0,  with  equation  (4.2.13)  the  follow 
results 

(0  =  \T]  W  4.2.17 

where  {£}  and  {u}  are  column  vectors  containing  the  unknown  Chebyshev 
coefficients  and  [T]  is  a  real  square  N  +  1  matrix.  Three  of  the  remaining  bound¬ 
ary  conditions  along  with  equation  (4.2.14)  give 

4  5  2  , 

^.Eta4-4  M+  ^FiQ5-*  {£}  +  £Gta2-*  {0}  =  {0}  4.2.18 

i=0  J  fc=0  Lfc=0  J 

where  [£*],  [Fi]  and  [G*]  are  complex  square  matrices  of  order  AT  +  1  which 
are  functions  of  u R,4>  and  the  compliant  wall  properties.  [G*]  are  singular  and 
contain  a  compliant  boundary  condition  only.  The  vorticity  boundary  conditions 
with  equation  (4.2.15)  give 
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r  2 


£**» 


2— i 


k=0 


{fi}  + 


£  /*«■-* 


Jc=0 


r  2 


M  + 


£•>*« 


2-fc 


t=0 

**1 


{£}  =  {0}  4.2.19 


where  [.Hi],  [/*]  and  [Jj]  are  complex  square  matrices  of  order  N  +  1  which  are 
functions  of  u,R,4>  and  the  compliant  wall  properties.  [J*]  are  singular  and 
contain  a  compliant  boundary  condition  only.  {£}  can  now  be  removed  from  the 
system  by  the  use  of  (4.2.17).  Combining  (4.2.18,19)  the  following  system  results. 


(T,l=oEk^~k  ELo  Gka*->  \  f  un  1 


{0} 


4.2.20 


In  this  form,  the  two-  and  three-dimensional  problems  are  compared.  For  a  two- 
dimensional  problem,  the  above  matrix  is  reduced  to  solving  the  first  element  of 
the  matrix  involving  only  the  Chebyshev  coefficients,  vn.  This  would  be  a  N  +  1 
by  N  +  1  matrix  eigenvalue  problem.  With  the  introduction  of  a  third  dimension, 
the  problem  order  increases  by  a  factor  of  two  as  shown  in  equation  (4.2.20).  This 
leads  to  a  significant  increase  in  the  required  computational  storage  and  time  as 
will  be  discussed  in  the  next  chapter. 

Continuing  with  the  three-dimensional  problem,  we  find  that  the  system 
(4.2.20)  can  be  replaced  by  a  simpler  form  as 

D,(o){£}“{0}  4X21 

where 

1?5(q)  =  C„q5  +  Cjo4  4-  C203  -(-  C3Q2  +  Cia  +  C5 


The  complex  square  matrices  are  now  of  order  2(N  +  1).  This  forms  the  Chebyshev 
series  discretization  of  the  Orr-Sommerfeld  and  Squire’s  equations  with  compliant 
boundary  conditions. 
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4.2.1  Linear  Companion  Matrix  Method 


The  eigenvalue  problem  derived  above  is  nonlinear  in  the  eigenvalue  to  the 
degree  of  five.  In  this  section,  a  global  method  will  be  discussed  to  solve  such  a 
problem.  With  this  method  the  spectrum  of  eigenvalues  may  be  determined.  The 
importance  of  this  will  be  outlined  in  the  results  section. 

The  global  method  is  referred  to  as  the  Linear  Companion  Matrix  method. 
It  was  given  by  Gohberg,  Lancaster,  and  Rodman  (1982).  The  Orr-Sommerfeld 
problem  over  a  rigid  wall  has  been  solved  by  Benney  and  Orszag  (1977)  and 
Bridges  and  Morris  (1984a).  Additionally,  Joslin  and  Morris  (1987,  1989)  have 
used  this  approach  for  the  two-dimensional  compliant  wall  problem.  The  de¬ 
scription  is  detailed  in  either  of  the  above  references  but  will  be  given  here  for 
completeness. 

The  linear  companion  matrix  is  a  linearization  of  the  given  nonlinear  eigen¬ 
value  problem.  If  the  coefficient  matrices  are  of  order  m  then  the  linearized 
companion  matrix  is  of  order  m  times  the  order  of  the  eigenvalue  problem  at 
hand.  For  our  problem,  the  order  of  the  companion  matrix  would  be  5m,  or 
10 (N  +  1).  For  a  generalized  eigenvalue  problem  the  form  is  given  as 

Aa,  =  aBa,  4.2.22 

where  a  is  the  eigenvalue  and  a.  represents  the  corresponding  right  eigenvector. 
The  eigenvalues  are  found  from  the  following  condition 


DetjA  —  aB\  =  0 


4.2.23 
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For  the  present  problem,  the  coefficients  matrices  are  arranged  as 


r -Ci 

-c2 

-c3 

-C4 

-C51 

\Co 
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'  o4a»  ’ 
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0 

0 

0 

—  a 

0 

0 

7 

0 

0 

>  < 

ct2a. 

0 

0 

7 

0 

0 

0 

0 

0 

7 

0 

aa. 

.  0 

0 

0 

7 

0  . 

.  0 

0 

0 

0 

7. 

J 

.  a.  , 

=  {0} 


4.2.24 

If  B  in  equation  (4.2.23)  is  invertible  then  a  more  efficient  and  equivalent  form 
is  given  by 

Det|5-1  A  -  al\  =  0  4.2.25 

The  leading  coefficient  matrix,  [Ca],  is  singular  since  the  only  elements  are  due 
to  the  compliant  boundary  condition  where  [C0\  is 

/ 


CD  = 


0 

0 


0 

0 


aN-i,o  aN-i,\ 


\  0 


0 


0 

0 

ON-  l.JV 

0 


°\ 

0 


4.2.26 


0/ 


To  remove  the  singularity,  an  algebraic  transformation  is  introduced. 

1 


A  = 


4.2.27 


a  —  s 


where  s  is  a  real  constant  taken  in  this  analysis  to  be  (u>/0.35).  This  transforma¬ 
tion  performs  a  shift  in  the  eigenvalue  spectrum.  With  this  the  coefficient  matrix, 
[C„],  becomes  dense  and  invertible.  Equation  (4.2.24)  is  rearranged  enabling  the 


following 


B~l  A  = 


/-Co"1  Ci 
7 
0 
0 

V  o 


-C-JC2  -C-'C3  -c;‘c4  -c-’Csx 

0  0  0  0 

7  0  0  0 

0  7  0  0 

0  0  7  0 


4.2.28 
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The  eigenvalues  of  (4.2.28)  may  be  obtained  in  an  efficient  manner  by  the  use 
of  the  QR  algorithm.  This  method  provides  a  means  to  determine  the  spectrum 
of  eigenvalues  without  requiring  an  initial  guess.  As  we  will  discuss  later,  this 
approach  identifies  any  other  unstable  modes  which  may  be  present.  The  next 
method  is  also  a  global  method.  The  formulation  is  given  in  the  following. 

4.2.2  Bernoulli  Iteration  Method 

The  second  method  to  determine  the  discrete  spectrum  is  derived  by  a  matrix 
equivalent  to  synthetic  division  to  compute  the  dominant  solvent.  The  following 
results  for  the  Lambda  matrix 

Z>s (A)  =  Qi(X)(\I  -Y)  +  Rr  4.2.29 

where  ,  „ 

Qa(\)  =  C„A4  +  (C0Y  +  Ci  )A3  +  (C0Y2  +  CiY  +  C2)  A2 

+  (C0Y3  +  C1Y2  +  C2r  +  C3)A 

+  (C„Y4  +  ClY3  +  C2V2  +  C3Y  +  Ci) 

and 

Rr  =  CcY5  +  CjY4  +  C2Y3  +  C3Y2  +  C4Y  +  C5 

[Q4]  is  the  right  quotient  and  [i?T]  is  the  right  remainder  of  the  division  of  D$(\) 
by  (A I  -  Y).  For  (XI  -  Y)  to  be  a  factor  of  D$(X),  [Rr]  must  be  zero.  To  satisfy 
this  the  following  requirement  holds. 

C„Y5  +  CiY4  +  C2Y3  +  C3Y2  +  C4Y  +  C5  =  0  4.2.30 

The  unknown  square  matrix,  [Y],  is  referred  to  as  the  right  solvent.  To  com¬ 
pute  the  dominant  solvent  the  Bernoulli  iteration  method  is  used.  The  iteration 
formula  is  given  as 

Y.+,  =  -C-1  (C,  +  (C,  +  (C,  +  (C,  +  C5y-J  )Y-\  )y,:'i  )y-' ) 


4.2.31 
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where 

Y0  =  Yi  =  Y2  =  Y3  =  0  and  V4  =  -C"1  Cj 

Unlike  the  companion  matrix  method,  this  approach  is  iterative  and  convergence 
is  usually  attained  in  from  three  to  ten  iterations.  The  eigenvalues  of  the  right 
solvent  are  determined  by  the  QR  algorithm. 

4.2.3  Traub  Iteration  Method 


The  final  global  method  considered  was  developed  by  Dennis,  Traub,  and 
Weber  (1978)  to  compute  the  dominant  solvent.  The  algorithm  is  a  general¬ 
ization  of  the  algorithm  for  scalar  polynomials  by  Traub  (1966).  The  method 
consists  of  two  iteration  steps.  The  first  consists  of  constructing  the  equivalent 
G-polynomial.  F  irst,  consider  the  matrix  polynomial. 

M(Y)  =  Ym  +  AiY"1-'  +---  +  Am  4.2.32 

where  [Ai]  are  the  known  complex  square  coefficient  matrices.  The  dominant 
solvent  (rigtt  solvent  in  this  formulation)  [S]  gives  M (S)  =  0.  The  first  step  to 
compute  this  is  defined  as 

Ga(Y)=J  4.2.33  a 

Gn+i  (Y)  =  Gn(Y)Y  -  r(jn)D5(A)  4.2.336 

where 

Gn(Y)  =  r(,nV  +  r^n)y3  +  rjn)y2  +  rjn)y  +  r^n) 

and  [r(,n)J  in  (4.2.33)  is  the  leading  coefficient  matrix  of  [Gn(y)J. 

This  method  may  be  somewhat  difficult  to  understand.  The  mathematical 
discussion  is  given  by  Dennis  et  al.  Here  an  example  of  the  formulation  is  given. 
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Consider  the  polynomial 


M(Y)  =  Y3  +  AiY2  +  A2Y  +  A3 

4.2.34 

For  n  =  0  : 

g0  =  t°y2  +  t°2y  +  r3  =  y2 

4.2.35a 

r°  =  i  =  r°  =  o 

4.2.356 

Making  use 

of  (4.2.33),  we  find  for  n  =  1  : 

Gj  =G0{Y)Y  -T\M{Y) 

=r  ?f3  +  r^r2  +  r^F 

+  r"[F3  +  A\Y2  +  A2Y  +  A3] 

=[r$  -  Ha,]f2  +  [r|  -  t°xa2}y  -  t°xa3 

4  ..36 

For  the  next  iteration  of  the  G— polynomial  build-up,  the  new  coefficients  are 

given  by 

T\  =  TS  -  4.2.37a 

t\  =  t°3-  t\a2 

4.2.376 

rj  =  -t°xa3 

4.2.37c 

After  each  iteration  the  coefficients  [r]  are  normalized  with  respect  to  the  lead 
coefficient,  [r j ].  After  the  G- polynomial  build-up,  the  second  stage  requires  the 
final  L— iteration  coefficients  [r^]  and  the  previous  coefficients  ].  These 

are  then  used  to  iterate  for  the  dominant  solvent. 

The  second  stage  is  given  by 


n  =  of*  xif-11 


4.2.38a 
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Yi+i  =  GLiY^Gll^Yi)  4.2.386 

where  i  is  the  iteration  level  and  L  is  the  final  G-polynomial  built-up.  The  first 
stage  is  equivalent  to  the  Bernoulli  method.  For  the  second  stage,  convergence  is 
linear  but  the  error  may  be  made  as  small  as  desired  by  increasing  the  number  of 
first  stage  iterations.  Usually  a  sufficient  number  of  iterations  for  convergence  is 
taken  as  three  to  five  for  the  first  stage  and  three  for  the  second  stage. 

A  subset  of  the  discrete  eigenvalue  spectrum  may  be  obtained  by  using  an 
efficient  eigenvalue  solver,  such  as  the  QR  algorithm.  The  next  and  final  spectral 
method  is  a  local  method  which  means  a  sufficiently  accurate  initial  guess  is 
required  and  may  be  obtained  from  a  global  method. 

4.2.4  Lancaster’s  Refinement  Method 

This  method  is  a  locally  convergent  algorithm  which  requires  a  sufficiently 
good  initial  guess  for  the  refinement  of  a  single  eigenvalue.  The  approach  is  a 
modification  of  Newton’s  method  wb’ch  has  quadratic  'onvergence.  The  method 
is  attributed  to  Lancaster  (1964).  Bridges  and  Morris  (1984a)  have  used  the 
method  for  the  rigid  wall  problem  and  Joslin  (1987)  for  the  two-dimensional 
compliant  wall  problem.  The  iterative  formula  is  given  by 


oti+i  =  a,'  "  2 /(a,)/{/2(a<)  -  /0) (a,)}  4.2.39 


where 


/(Oi)  =  r.{D-‘  (a.)D^ (a*)} 


and 


/(1)  (a,)  =  Tr{D_1  (a,)P(2)  (a<)  -  [IT1  (a<)L>(1)  (a;)]2} 
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Tr  {5}  denotes  the  trace  of  matrix  [s];  Z?-1  is  the  inverse  of  D  and  D ^  denotes 
the  ith  derivative  of  D  with  respect  to  a.  After  converging  upon  the  eigenvalue 
of  interest,  the  eigenvector  may  efficiently  be  obtained  from  the  following  inverse 
iteration  formula. 

[!>5(a)]{aJ+1}  =  c7{CJ}  4.2.40 

where  a  is  a  normalizing  factor.  The  procedure  usually  converges  in  two  or  three 
iterations  using  an  initial  guess  of  {a“}  =  [1, 1, 1, l]r. 

The  above  methods  provide  a  useful  means  to  identify  and  track  instabilities 
using  spectral  methods.  We  have  used  all  of  these  methods  earlier  for  the  two- 
dimensional  primary  problem.  They  are  described  again  since  they  are  employed, 
not  only  for  the  present  problem,  but  for  the  secondary  instability  analysis.  This 
is  pertinent  for  the  global  schemes  since  the  spectrum  is  yet  unknown  for  the 
secondary  instabilities  over  wall  compliance. 

4.3  Shooting  Method  for  Primary  Instabilities 


The  following  is  a  description  of  a  local  shooting  method.  Beginning  at 
the  wall  boundary  conditions  we  march  using  a  Runge-Kutta  integration  scheme 
across  the  boundary  layer.  Outside  of  the  boundary  layer  the  numerical  solution 
vectors  match  with  the  asymptotic  limit.  The  eigenvalue  is  altered  until  the 
condition  is  satisfied.  Upon  convergence  the  eigenvectors  can  be  obtained  with 
one  additional  pass  across  the  boundary  layer. 

The  Orr-Sommerfeld  equation  (2.2.14)  and  Squire’s  equation  (2.2.15)  may 
be  arranged  in  the  following  system  of  first  order  ordinary  differential  equations. 


80 


t>'"  A 


D{ 


v\ 


i 

i 

1 
V 1 

n\ 

i 


>  = 


/° 

i 

o 

0 

0 

Vo 


0 

1 

0 

0 

0 


0 

0 

0 

1 

0 

0 


-d2 

0 

0 

0 

-d4 

0 


0 

0 

0 

0 

0 

0 


0  \ 
0 
0 
0 

-d-z 
1 


r  v"' ' 

«i 

l  f2]  / 


4.3.1 


This  is  the  form  for  the  Runge-Kutta  integration  routine  which  is  listed  in  Ap¬ 
pendix  D.  In  general,  the  form  of  the  compliant  wall  boundary  conditions  given 
by  (3.2.21  ,22,  26)  is 


a\v\  (0)  +  a2v"{  0)  +  azv"  (0)  +  0461  (0)  +  c5n'j(0)  =  0  4.3.2 

Mj(0)  +  Ml(0)  +  b2v"  (0)  +  64^1(0)  +  65f2j(0)  =  0  4.3.3 

civi(0)  +  C2Vi(0)  +  cjfli(O)  =  0  4.3.4 


The  general  form  of  solution  for  the  sixth-order  system  may  be  written 


v'j"  > 

'  1  ' 

'  0  ' 

'  0  ' 
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Using  the  rigid  wall  boundary  conditions  three  of  the  unknown  coefficients  may 
be  eliminated  giving  three  linearly  independent  solutions  at  the  wall  of  the  form 


v'j"  'I 
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.  0  . 

where  v",  v"1  and  Cl'  are  not  initially  known.  In  this  formulation,  the  boundary 
conditions  are  satisfied  and  the  higher  order  derivatives  are  left  arbitrary.  Alter¬ 
natively,  we  can  introduce  a  wall  motion  caused  by  the  disturbance,  the  boundary 
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conditions  (4. 3. 2-4)  are  used  to  eliminate  three  unknown  coefficients  in  (4.3.5). 
The  boundary  conditions  then  take  the  form  of 


where 


Is^ftr  -  02I/I0,  +  1 

-  1 ”1  = 


-«*/[«>  +  1 


C2  —Cl 


=  ~£[C2»2  +  c3^2l 


=  b^ih-v'  -  ,-Jia 


V3  =  "[C2V3  +  c3o3] 


Beginning  with  these  vectors  at  the  wall  we  integrate  across  the  boundary 
layer.  The  numerical  vectors  retain  linear  independence  by  using  the  Gram- 
Schmidt  orthonormalization.  The  orthonormalization  is  implemented  whenever 
a  vector’s  magnitude  exceeds  103.  A  final  orthonormalization  is  applied  at  the 
outer  edge  of  the  boundary  layer. 

Outside  the  boundary  layer  the  asymptotic  solutions  satisfying  the  boundary 
conditions  at  infinity  (2.2.16)  may  be  written 


t>]  =  B\e  av  -f-  i?2e' 
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and 


tti  =  Bze~av 


4.3.9 


where 


a  =  \/ a2  +  iRta(U0  cos  <p  -  c,) 


i?{a}  >  0 


The  numerical  solutions  are  matched  with  the  three  linearly  independent  solution 
vectors  formed  from  (4. 3. 8-9)  at  the  edge  of  the  boundary  layer.  This  gives  the 
following  6x6  homogeneous  system  of  equations  for  the  unknown  coefficients, 


4.3.10 


For  a  nontrivial  solution  the  determinant  of  the  system  must  be  zero.  At  a  fixed 
Reynolds  number  and  frequency,  the  wavenumber  is  altered  until  this  condition 
is  met. 

In  this  approach  the  viscous  solution  vectors  contaminate  the  inviscid  vector. 
This  effectively  makes  the  solution  non-orthogonal.  Thus,  in  order  to  maintain 
linearly  independent  (orthogonal)  vectors,  a  method  referred  to  as  the  Gram- 
Schmidt  orthonormalization  given  by  Courant  and  Hilbert  (1953)  is  used.  The 
formula  removes  the  contamination  and  leaves  the  vectors  normalized.  The  pro¬ 
cedure  is  listed  as  follows. 


(1.1)  Normalize  vector  f\.  g\  =  /i/||/i|| 

(1.2)  Normalize  previous  points:  /j(0  -  y)  by  ||/]j| 
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(2.1)  Remove  contamination:  <72  =  h.  —  (51  ■  /2)<7i 

(2.2)  Remove  contamination  from  previous  points: 

02(0  -  y)  =  h(0  -  y)  -  (51(0  -y)  ■  h(0-  y))g\ (0  -  y) 

(3.1)  Normalize  vector:  g 2  =  ^2  / 1 1 52 1 1 

(3.2)  Normalize  previous  points:  52(0  —  y)  =  02(0  -  y) /I  |02 1 1 
(4.1)  Save  values  and  continue:  f\  =  g\  /2  =  52 

5i  and  g2  are  the  vectors  resulting  from  the  orthonormalization  and  /j  and  /2  are 
the  initial  numerical  vectors.  This  can  be  performed  on  any  number  of  vectors 
which,  is  of  course,  problem  dependent.  The  general  formula  for  this  is  given  as 


01  =  /l /ll/lll 


9n  — 


n  — 1 

fn  ~  ^  ]  (/n  '  9}  )9j 
j=l 


n  — 1 

/ll/n-^(/n  •0;)0;!l 
i=l 


4.3.11 


The  ||  ||  is  the  magnitude  of  the  vector.  In  the  above  formulation,  (/  •  g)  is 

the  scalar  product.  For  orthogonal  vectors  this  would  be  zero.  But  since  the 
viscosity  contaminates  the  inviscid  solution,  the  formula  removes  this  amount 
of  error  made  evident  through  the  dot  product.  The  above  procedure  is  not 
performed  at  every  step  in  marching  across  the  boundary  layer.  This  in  itself 
may  lead  to  an  “over-kill”  of  the  procedure  leading  to  an  error  which  would  grow 
with  the  number  of  orthonormalizations.  Instead,  a  criterion  is  used  to  determine 
when  to  orthonormalize.  This  criterion  was  tested  by  Conti  (1966)  in  which 
orthonormalization  is  performed  when  a  vector  reaches  a  designated  magnitude. 
In  our  problem  103  is  used.  This  is  sufficient  for  the  degree  of  stiffness  present 
in  the  Orr-Sommerfeld/ Squire  system  of  equations.  This  is,  however,  problem 
dependent  as  we  will  find  in  the  secondary  analysis. 
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In  order  to  obtain  the  corresponding  eigenvectors  one  final  integration  across 
the  boundary  layer  is  made.  At  each  step  the  value  of  the  solution  vectors  are 
saved  and  orthormalized  at  the  appropriate  times.  The  coefficients  of  (4.3.10) 
are  then  solved  for  and  the  eigenvectors  (uj ,  V] ,  1x7 )  are  computed. 

As  with  the  spectral  method  approximation,  this  method  has  distinct  advan¬ 
tages  and  disadvantages  which  will  be  discussed  in  the  next  chapter.  We  reserve 
the  comparative  discussion  until  results  can  be  presented  for  all  approaches. 

4.4  Spectral  Method  for  Secondary  Instabilities 

The  spectral  method  approach  is  similar  to  that  for  the  primary  problem, 
except  the  equations  are  more  complex  and  a  different  metric  is  used.  We  will 
describe  the  subharmonic  problem  in  the  first  section  and  the  fundamental  in  the 
second  section. 

4.4.1  Solution  for  the  Subharmonic  Disturbanc. 


For  the  secondary  system  of  equations  involved,  the  temporal  eigenvalue 
problem,  by  observation,  is  easier  to  solve  than  the  spatial.  In  the  fluid  equa¬ 
tions  the  temporal  eigenvalue,  <7,  appears  linearly  in  two  terms  of  each  equation 
while  the  spatial  eigenvalue,  7,  appears  nonlinearly  throughout.  So  we  choose  to 
solve  for  the  temporal  eigenvalue.  This  may  be  done  with  some  confidence  since 
Bertolotti  (1985)  has  shown  for  the  rigid  wall  that  at  most,  only  a  few  percent 
error  occurs  as  a  result  of  using  Gaster’s  transformation  for  the  temporal-spatial 
conversion.  Yet,  even  though  this  becomes  easier  for  the  fluid  equations,  a  prob¬ 
lem  remains  with  the  boundary  conditions.  If  no  further  simplifications  are  made 


85 


the  resulting  system  for  the  eigenvalue  will  be 


D^\  Tf/  =W 


where 


Di(o)  —  A0(P  +  A\p6  +  —  +  A? 


fln  =  (fl'n,fln)  and  Vn  =  (v"  ,Vn,v'n,vn) 


The  [Aj]  are  known  coefficient  matrices  most  of  which  are  singular.  This  would 
lead  to  a  considerable  demand  for  virtual  memory  and  computer  time  to  solve 
the  equations.  The  main  goal  in  using  this  method  is  to  enable  an  efficient  iden¬ 
tification  of  the  spectrum.  From  this  a  local  method  can  then  be  used  for  tracking 
whichever  eigenvalue  is  of  interest.  By  looking  at  the  boundary  conditions  we  find 
that  if  the  primary  wave  were  two-dimensional,  the  order  of  a  reduces  to  three. 
So  the  computational  burden  is  lifted,  somewhat. 

A  similar  reduction  in  the  order  of  the  eigenvalue  problem  can  be  obtained 
while  retaining  the  three-dimensional  primary  wave  form  if  an  assumption  is  made 
concerning  the  spanwise  surface  motion.  The  spanwise  surface  displacement  is 


given  by  (3.3.11)  or 


£  ~  - 

^  K , 


As  we  have  already  discussed,  the  Grosskreutz  coating  may  be  assumed  to  have 
no  spanwise  surface  displacement,  or  Kt  — *•  oo.  If  this  assumption  is  made,  (4.4.1) 
reduces  to  a  third-order  eigenvalue  problem  given  by 


DM  =  {0} 
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where 


Dz(a)  =  A0ct3  +  Aia2  +  A^a  +  A3 


In  choosing  the  second  assumption,  three-dimensional  primary  instabilities  are 
permitted. 

Since  the  parameters  for  the  primary  problem  are  known,  we  will  use  the 
computationally  more  efficient  local  shooting  method  to  describe  the  primary 
eigenvalue,  eigenfunctions,  and  wall  displacements. 

For  the  spectral  approach  we  must  transform  the  domain  from  y  6 
to  the  Chebyshev  domain  2  €  [—1,1].  This  suggests  a  transformation 

2 V  Umax  ,  ymax  (z  4*  1)  .  ,  . 

z  —  -  and  y  =  -  4.4.4 

ymax  2 


The  corresponding  metric  is 


t  \  dz  2 

™(z)  =  T  =  - 

dy  Vmax 


As  opposed  to  the  present  route  of  shooting  primary /spectral  secondary  approach, 
one  might  choose  spectral  primary/spectral  secondary  which  requires  a  different 
metric.  In  that  case  the  metric  would  involve  transforming  from  a  semi-infinite 
domain  to  a  finite  domain.  As  was  shown  in  Section  4.2,  this  results  in  an 
ambiguity  in  the  far- field  boundary  condition.  To  avoid  this,  a  dummy  variable 
was  introduced.  So  in  order  to  generalize  this  solution  and  allow  for  alternative 
metrics,  we  introduce  the  same  dummy  variable  defined  as 

L  =  mvn  4.4.6 

where  subscript  n  is  the  Fourier  mode.  The  transformed  system  is  then  found  by 
substituting  (4.4.5)  and  (4.4.6)  into  the  equations  giving 

m(m(m^)')'+alnm^  +  a2nun  +  A{a3nm(m£)'  +  a4nm£,  +  a5n£, 

+  a6»Vo  +  a7nm(mCl'0)'  +  a%nm{l'0  +  j  =0  4.4.7 
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and 

+  cinfin  4-  c2nvn  4-  A|c3nmfl|,  +  c4nfl0 

+  Csnm£'0  +  Cento  +  CTnVoj  =  0  4.4.8 

We  again  use  the  tau  method.  Further,  the  equations  placed  in  integral  form  are 
given  by 


and 


and 


J  (n  =  mvn  -  J  m'vn 

P.L+  J  P,L  +  J  j  p-iL  +  j  J  J  Pjtn  +  J  J  CLinmin 

-J  J  J(ainm)'in  +  III  a2nvn  +  A^J  a3nm2io 

-  J  J (2a'3n m2  4-  3 mm'a3n)f0  +  III  (m(ma3n  )')'£> 
+  J  J  at.mL- 

j  j  j  ^  ma*U  +  III  a5n  to 

+  JJJ  <*6 nVo  +  J  cnnm2Cl0-  J  J (2 a'7nm2 

+3mm'a7n)n0  +  /  / +  IS  d&n  mile 

-III  [rnden )  fip  4"  III  j 

=  C\z 2  +  C2z  +  C3 


4.4.9 


4.4.10 


P4lin+  J  Psftn  +  J  J  Pett  n  +  J  j  Cinfln  +  J  J  c2n  Vn 

+  A  |  J  C3n  TTlClg  J  J  {ftlC^n  )  4"  J  J  ^4n  4"  J  ^*-5n  lo 
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J  J (mC5n  )  £o  "f"  J  j  ^6n  j  j  ^ 


=  C  4Z  +  C  5 


4.4.11 


where  for  the  subharmonic,  n  =  ±1  and  the  coefficients  are  non-constant  and 


P0  =  rn3 

Pi  =  -6  m2  m1 

P2  =  7m(m')2  -f  4 m2m' 

P3  =  —  (m(m(mm')'y 


P4  =  m2 
P5  =  -3mm1 
P6  =  (mm1)1 


The  boundary  conditions  are  transformed  but  not  listed.  Each  Fourier  mode  is 
represented  by  a  finite  Chebyshev  series  expansion.  This  is  given  as 


^  ^  {^m,n  »  vm,n  i  ^m,n  (2 ) 


4.4.12 


The  prime  on  the  summation  signifies  that  the  leading  term  of  the  series  is  to  be 
halved.  The  Blasius  velocity  profile  is  expanded  in  a  similar  manner 


U0(z )  =  umTm(z) 


4.4.13 


The  eigenfunctions  of  the  primary  wave  are  expanded  in  the  same  manner  as  the 
Blasius  profile.  Details  of  representing  a  known  function  by  a  Chebyshev  series 
are  given  in  Appendix  C. 

The  series  (4.4.12-13)  and  the  series  representing  the  eigenfunctions  are  sub¬ 
stituted  into  (4.4.9-11)  along  with  the  boundary  conditions.  The  dummy  variable 
is  then  eliminated  by  back  substitution.  This  results  in  the  following  complex 
matrix  eigenvalue  problem  in  terms  of  the  nonlinear  eigenvalue,  a. 


™  oz:  -  (°> 

v  nm,-i  ) 


4.4.14 
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where 

D${c)  =  Cc( 73  +  Cl<7^  +  C2<7  +  C3 

and  [C{]  are  complex  square  matrices  of  order  4  (N  +  1).  [C0]  and  [Cj]  are  singular 
and  contain  only  compliant  boundary  conditions.  To  remove  the  singularity  which 
prevents  the  solution,  a  transformation  is  introduced 

.  (T  +  t  t  —  XS 

A  =  -  and  a  =  — -  4.4.15 

<r  +  s  A  -  1 

where  s  and  t  are  arbitrary  constants  taken  as  s  =  —.01  and  t  =  1.0.  In  this 
way  all  of  the  matrices  become  non-singular  and  solutions  can  be  obtained  by 
methods  discussed  in  Section  4.2.  This  completes  the  Chebyshev  discretization 
of  the  subharmonic  problem. 

4.4.2  Solution  for  the  Fundamental  Disturbance 


In  the  same  manner  as  the  subharmonic  problem,  the  temporal  eigenvalue 
problem  is  solved.  Again  a  problem  arises  with  the  boundary  conditions.  If  no 
further  simplifications  are  made,  the  resulting  system  for  the  eigenvalue  will  be 


01O(*)<  n" 


^2 

VO 

V_2 

J?0 

fl- 2 


=  {0} 


4.4.16 


where 

D\o  (<t)  =  A0( 7 10  +  Ai<t9  +  -••  +  A 10 


nn  =  and 


and 


The  [A,]  are  known  coefficient  matrices  most  of  which  are  singular.  As  we  have 
already  discussed,  the  Grosskreutz  coating  may  be  assumed  to  have  no  spanwise 


surface  displacement,  or  Kg  — ►  oo.  If  this  assumption  is  made,  (4.4.16)  reduces 
to  a  fourth-order  eigenvalue  problem  given  by 

V_2 

V0 

D*(<r)  V~ !2  ={0}  4.4.17 

J}o 

k  n_2  - 

where 

Di(a)  =  A0<t4  +  A\a%  +  A^o 2  +  A$cr  +  A4 

To  generalize  this  solution  and  allow  for  alternative  metrics,  the  dummy  variable 
is  introduced  giving 

(n  =  mvn  4.4.18 

where  subscript  n  is  the  Fourier  mode.  The  transformed  system  is  then  found  by 
substituting  (4.4.5)  and  (4.4.18)  into  the  equations  giving 

m(Tn(mi'0)'y +bi0mi'0  +  b^Vo  +  b±3  m(mi'±2 )'  +  b±Ami'±2  +  fc±s£fc  2 

+b±QV±2  +  b±Tm(mCl'±2y  +  b±imCl,±2  +  6±9fl±2  }  =  0  4.4.19 

and 

m(m(fi„)'  -I-  d\0Cl0  +  d2oV0  +  A{d±3mCl'±2  +  d±itl±2 

+  d±smi'±2  +  d±6^±2  +  d±70±2}  =  0  4.4.20 

for  the  n  =  0  Fourier  mode  and 

m(rn{Tni'n)'y +ainmi'n  +  o2„u„  +  A{a3nm(m£,)'  +  a4nm£,  +  a5n|0 

+fl6nV0  +  alnm(m{l'oy  +  a8nmfl|,  +  a^n,,}  =  0  4.4.21 
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m(m(Cln)  +  Cjnf2n  +  C2n  Vn  4"  +  C4n  fl0 

+  C5»  m£'0  +  Csnto  +  c7nu0}  =0  4.4.22 

for  the  n  =  ±2  Fourier  modes.  The  ±  implies  that  the  terms  n  =  +  are  summed 
with  the  n  =  -  terms.  We  again  use  the  tau  method.  Further  the  equations 
placed  in  integral  form  are  given  by 


J  £ B  =  mvn  -  J  m'vn 


4.4.23 


p,L+  J  PiL  +  J  J  Piio  +  /  /  Ip>L+J  Jb'°mL 
-  J  J  J(b\'m)'L  +  J  J  J  b2° +  '4  |  /  &±3m4±2 

-J  J  (2m26!t3  +  3mm'b±2)£±2  +  J  J  J  (m(mb±3  )')'£** 

+  J  JbMm(± 2  - 

ill  ^±2  ^  ///  &±5  £±2 
+  J  j  J  +  J  b±Tm2fl±2  -  J  J (2 m2b'±7 

+3mml  b±7  )fl±2  +  J  J  J (m(mb±7)')'Cl±2  +  J  J  b±6mCl- 

—  J J J  (m6±g)'n±2  +  ///  b±g  2  | 


=  CjZ  +  C22  +  C3 


4.4.24 


P40>  +  J  P5&0  +  J  ^  P$Cl0  +  J  J  d\0Cl0  +  J  J  d.2oV0 

+  A^J  md± 3^1±2  —  J  J  ( md±3  ),0±2  +  //  d±4  ^±2 


and 
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+  J  md± 5 £±2  -  J  J {md±h)'£±2  +  J  J  d± 6£±2 

+  J  J  d±  7  V±2  l=  C4Z+C5 


for  the  n  —  0  Fourier  mode  and 


and 


p.L+ j  p,L  +  J  J  Pd.  +  j  J  J  Pi£n  J  J 
~  J  J  J(ainm)'U  +  J  J  J  a2nvn  +  A^J  ainm2£0 

-J  J  (2G;jn  ra2  +  3mm1  a.3n)£o  +  III  (m(ma3n  )')'{• 

+  J  JainmL-f  J  J(ma4n)'i0  +  ill  QSn  £o 

+  JJJ  a6nv0  +  J  a2n  m2Cl0  -  JJ  (2a'7nm2 
+  3mm'a7„)no  +  J  J  J (Tn(ma2n)')' Cl„  +  J  J  a6nmClc 

-J  J  J  (ma8n  )'&o  +  III  O9nfio| 

=  C]22  +  C2Z  +  C3 


^4^n+  J  P5&n  +  J  j  P6&n  +  J  J  Cjn  Cln  +  J  J  C2nVn 
+  4/  c3n mfl0-  J  J (mc3nyn0  +  J  J  C4nh„  +  J  mcSn£0 

~  J  J )  £0  4"  J  J  C6n  £o  4"  J  J  c7n  f’o  ^ 


=  C4Z  +  C  5 


4.4.25 


4.4.26 


4.4.27 


for  the  n  =  ±2  Fourier  modes.  As  before  the  coefficients  are  non-constant  and 
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Po  = 

m3 

Pi  = 

m2 

Pi  = 

-6m2m' 

P5  = 

—  3  mm' 

p2  = 

7  m(m')2  +  4  m2m" 

Pe  = 

(mm1 

P3  =  -(m(m(mm’)')' 

The  boundary  conditions  are  transformed  but  not  listed.  Each  Fourier  mode  is 
represented  by  a  finite  Chebyshev  series  expansion  (4.4.12).  The  Blasius  velocity 
profile  and  primary  eigenfunctions  are  expanded  in  a  similar  manner. 

The  series  (4.4.12-13)  and  the  series  representing  the  eigenfunctions  are  sub¬ 
stituted  into  (4.4.23-27)  along  with  the  boundary  conditions.  The  dummy  vari¬ 
able  is  then  eliminated  by  back  substitution.  This  results  in  the  following  complex 
matrix  eigenvalue  problem  in  terms  of  the  nonlinear  eigenvalue,  a. 


where 


Vm,2 


Da{c)* 

k 


WTO,0 

vm,— 2 
2 


=  {0} 


Di(<r)  =  C0<r4  4-  Ci<7 3  +  C 20^  +  Cjtr  4-  C4 


4.4.28 


and  [C,]  are  complex  square  matrices  of  order  6 (N  +  1).  \C„ ],  [Cj]  and  [C2] 
are  singular  and  contain  only  compliant  boundary  conditions.  To  remove  the 
singularity  which  prevents  the  solution,  a  transformation  (4.4.15)  is  introduced. 
In  this  way  all  of  the  matrices  become  non-singular  and  solutions  can  be  obtained 
by  methods  discussed  in  Section  4.2.  This  completes  the  Chebyshev  discretization 
of  the  fundamental  problem. 
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4.5  Shooting  Method  for  Secondary  Instabilities 


The  procedure  for  the  local  method  is  the  same  for  the  primary  instability 
problem.  A  difference  lies  in  the  size  of  the  system  of  equations  and  boundary 
conditions.  For  the  fundamental  mode  we  have  a  system  of  eighteen  first-order 
ordinary  differential  equations,  while  the  subharmonic  involves  twelve  equations. 
These  are  arranged  in  the  form  similar  to  equation  (4.3.1).  We  will  outline  this 
method  for  the  subharmonic  and  fundamental  modes  below. 


at  the  wall. 
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/al  a2 
b  i  b2 

V/i  h 


'  v\  ' 

as  \ 

V\ 

b& 

< 

til 

-1 

* 

V-1 

fj 

V-1 

4.5.3 


1  J 

where  =  1  — ♦  6  depending  on  which  numerical  vector  the  boundary  con 

ditions  are  representing.  For  all  of  the  vectors 


-W  -II  -lit  -II  A/  A/  ^ 

I  —  Vj  - —  V _ j  —  V _ j  —  fi  j  —  it _ 2  —  0 


4.5.4a 


except 


-hi  , 
v\  =  1 


=  < 


v'l'l  =  1 


#4  =  < 


v'h  =  1 


n'j  =  i 


[  0  1 

'  -ag  ' 

'  -a 9  ' 

° 

-68 

-b9 

o  o 

>  H2  =  i 

-c& 

-d6 

►  h3  =  < 

:Z  ’ 

-e7 

-eg 

-e9 

l  0  . 

~h  J 

>  -h 

nij  =  i 


(  0  ] 

'  -an  ' 

■  -an  ' 

i  0 

-bn 

-bn 

o  o 

►  Hh  =  < 

-cn 

-dn 

►  H&  =  < 

-?  - 
-dn 

-eio 

-en 

-en 

l  0  J 

^  —  / n  > 

'  ~f\2  ■ 

4.5.46 


4.5.4c 


4.5.4d 


4.5.4e 


Beginning  with  these  vectors  at  the  wall  we  integrate  across  the  boundary 


layer.  Using  the  Gram-Schmidt  orthonormalization  as  before,  linear  independent 
numerical  vectors  are  maintained.  Orthnormalization  is  performed  whenever  a 
vector  exceeds  a  magnitude  of  106.  This  criterion  is  sufficient  for  the  amount  of 


stiffness  in  this  system.  A  final  orthonormalization  is  performed  at  the  outer  edge 
of  the  boundary  layer  before  the  solution  vectors  are  matched  with  the  following 
asymptotic  solutions  which  satisfy  the  far-field  boundary  conditions. 

t>,  =  £lne-'/Sr»  +  B2ne~'^v  4.5.5  a 
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fin  =  53ne-v^»  4.5.56 

where 

A„  =  y/-An  +  crRs  +  anRs{U0  -  cx)  +  R/3n(W0  -  cz)  and  Re{ An}  >  0 

For  a  nontrivial  solution  the  determinant  for  the  system  must  be  zero.  For  a 
given  primary  instability,  the  secondary  eigenvalue  is  altered  until  the  matching 
condition  is  satisfied. 


4.5.2  Solution  for  the  Fundamental  Disturbance 

In  the  same  manner  as  described  for  the  subharmonic  mode,  the  complemen¬ 
tary  system  to  (4.3.1)  for  the  fundamental  mode  is 

V_2  ^ 

V0 

V-2 

O2 

o0 


/  \ 

fJ  1 

h 

■  • •  ^18  \ 

( S2 1 

Q 1 

Q2 

•••  Ql8 

\  O0  > 

* 

< 

[n-2 J 

*2 

•••  RiJ 

4.5.6  a 


and 


£  1 

(M 
B ! 

a2  ■ 
b2  ■ 

•  -A18  \ 

••  Bu 

D  < 

: 

' 

\h  h 


hs  ' 


(  V_2 
Vo 
V-2 

O2 
flo 
fl_2 


4.5.66 


The  system  must  be  solved  in  the  order  shown  since  the  solution  of  (4.5.6a)  is 
required  to  solve  (4.5.6b).  The  fixed  step  Runge-Kutta  routine  is  used  to  solve 
the  system.  In  general  the  form  of  solution  is  given  as 


r  v2 

V0 

( 1  'I 

°  ) 

v_7 

_  I  0  I  _ 

1  j 

02 

>  =  -A]  <  .  >  -+■  A2  < 

: 

Oo 

( 0  J 

,0  J 

'  0-2  - 

+ 


4.5.7 
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By  the  use  of  the  compliant  wall  boundary  conditions  listed  in  Appendix  B,  nine 
of  the  eighteen  unknown  coefficients  may  be  eliminated  to  give  the  following 
system  at  the  wall. 


/O] 

a2 

■■■  a9  \ 

bi 

b2 

...  69 

hi 

h2 

•  ••  hs 

\  ii 

h 

■  •  •  i9  1 

V2 
0  2 
*0 
F° 

v' 


=  {Ht} 


4.5.8 


—  2 
V-2 

1.  Q_2  / 

where  =  1  — ♦  9  depending  on  which  numerical  vector  the  boundary  con¬ 

ditions  are  representing.  For  all  of  the  vectors 


•  in  * n 
v2  =  v2 


. Ill  -II 

v0  =  Vq  =  V 


- Ill 


=  v"_2  =  n2  =  Ci'0  =  n'_2  =  o 


except 


-  in  . 

Vn  —  1 


v"  =  1 


h',  =  i 


4.5.9a 


4.5.96 


H 1  =  < 


H  4  =  < 
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'  -an  ' 

’  -015  ' 
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-6h 

-&15 
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-C]4 

-C15 
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-du 

-dis 
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•  Hh  =  < 

~eH 

-  =  < 

-eis  ► 
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—  fn 

f  15 

0 

-914 

-915 

-ei3 

-h  14 

-his 
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-  — *14  - 

•  ~  *15  - 

4.5.9c 


4.5.9d 


4.5.9e 
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v”2  =  1  t>"2  =  1  n'_2  =  1  4.5.9/ 


Beginning  with  these  vectors  at  the  wall,  we  integrate  across  the  boundary 
layer.  Using  the  Gram-Schmidt  orthonormalization  as  before,  linear  independent 
numerical  vectors  are  maintained.  Orthnormalization  is  performed  whenever  a 
vector  exceeds  a  magnitude  of  106.  A  fi"  -1  ^thcnormalization  is  performed  at 
the  edge  of  the  boundary  }v>  oi  before  the  solution  vectors  are  matched  with 
the  asymptotic  solutiors  (4.5.5).  For  a  given  primary  instability,  the  secondary 
eigenvalue  is  altered  until  the  matching  condition  is  satisfied. 

This  completes  our  description  of  the  numerical  methods  and  the  procedure 
for  their  implementation.  In  the  next  chapters,  these  methods  will  be  tested  and 
compared.  Then  results  are  presented  for  instabilities  propagating  over  compliant 
and  rigid  walls. 


99 


CHAPTER  5 

RESULTS  OF  THE  PRIMARY  INSTABILITY  ANALYSIS 

5.1  Rigid  Wall  Verification 

In  all  of  the  cases  considered  for  the  solutions  of  primary  and  secondary 
instabilities,  the  freestream  velocity  (£7oo) 1S  20  m/s,  the  density  (p)  is  1000  kg/m3, 
and  the  kinematic  viscosity  (u)  is  1  x  10"6  m2/s.  Before  the  compliant  coatings 
are  introduced,  the  spectral  and  shooting  methods  will  be  verified  for  predicting 
the  spatial  stability  of  primary  waves  over  rigid  walls. 

The  system  of  equations  for  a  three-dimensional  disturbance  consists  of  the 
Orr-Sommerfeld  and  Squire’s  equations.  A  number  of  publications  have  listed  the 
results  from  solving  the  Orr-Sommerfeld  equation  for  a  two-dimensional  distur¬ 
bance.  The  present  methods  are  compared  with  Jordinson  (1970)  for  a  Reynolds 
number  (Rf  )  of  998  and  a  frequency  (u)  of  0.1122.  Spectral  convergence  records 
are  given  for  the  Linear  Companion  Matrix  method,  Bernoulli  iteration,  and 
Traub  iteration  methods  in  Tables  5.1-3  for  the  two-dimensional  TSI  wave.  The 
Linear  Companion  Matrix  method  requires  a  5 (N  +  1)  matrix  size  where  N  is  the 
order  of  the  Chebyshev  series  for  the  disturbance  normal  velocity  (tq).  Table  5.1 
indicates  that  a  Chebyshev  series  of  order  30  provides  a  sufficient  number  of  terms 
for  convergence  on  the  eigenvalue.  Results  for  the  Bernoulli  iteration  method  are 
shown  in  Table  5.2.  The  results  from  this  method  indicate  that  convergence  is 
not  only  dependent  on  the  order  of  the  Chebyshev  series  but  on  the  number  of 
iterations  performed.  Although  this  approach  requires  less  memory,  the  overall 
cpu  time  required  for  a  sufficient  convergence  can  exceed  that  of  the  Companion 
Matrix  method.  Results  from  the  final  global  method  considered  are  listed  in  Ta¬ 
ble  5.3.  Similar  to  the  Bernoulli  method,  results  from  Traub  iteration  depend  on 
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the  order  of  the  Chebyshev  series  and  the  number  of  iterations.  Only  a  few  cases 
are  listed  in  Table  5.3  to  indicate  that  the  cost  exceeds  the  Companion  Matrix 
method.  For  this  Reynolds  number  and  frequency  Jordinson  (1970)  obtained  the 
eigenvalue,  a  =  0.3086  —  *0.0057.  From  Lancaster’s  local  refinement  approach, 
a  =  0.30859  —  *0. 005707  is  obtained  using  30  polynomials.  This  required  5.5 
cpu  seconds.  By  using  the  shooting  approach,  a  =  0.30859  -  i0.005708  results 
requiring  only  4.1  cpu  seconds.  For  the  shooting  approach,  175  steps  were  used  to 
integrate  across  the  boundary  layer  to  Umax  =  9.0.  The  results  for  Bernoulli  and 
Traub  methods  indicate  that  an  exact  convergence  is  not  shown.  This  is  of  little 
concern  since  the  values  that  were  obtained  are  sufficient  to  provide  an  initial 
guess  for  the  local  methods  which  are  faster  computationally. 


Table  5.1:  Spectral  convergence  of  a  TSI  wavenumber  over  a  rigid  wall  for 
Rs.  =  998  and  u  =  0.1122  by  the  Linear  Companion  Matrix  method.  (VAX 
8550) 


N 

TSI 

cpu(s) 

10 

0.30779  -  *0.0065175 

15 

0.30719  -  *0.0058083 

20 

0.30862  -  *0.0057190 

25 

0.30859  -  *0.0057114 

30 

0.30859  -  *0.0057071 

37.7 

35 

0.30859  -  *0.0057086 

64.1 

40 

0.30859  -  *0.0057084 

90.4 
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Table  5.2:  Spectral  convergence  of  a  TSI  wavenumber  over  a  rigid  wall  for 
i?g.  =  998  and  u>  =  0.1122  by  Bernoulli  Iteration.  (VAX  8550) 


N 

TSI 

cpu(s) 

Iterations 

25 

0.30825  -  :0. 0067739 

11.7 

3 

30 

0.30897  -  t'0. 0059528 

19.2 

3 

30 

0.30857  -  iO. 0057637 

38.0 

10 

35 

0.29898  -  iO. 0055400 

29.5 

3 

35 

0.30857  -  iO. 0056873 

56.7 

10 

35 

0.30899  -  iO. 0055279 

78.4 

15 

40 

0.30886  -  j0. 0061454 

88.8 

10 

40 

0.31068  -  iO. 0032358 

115.0 

15 

Table  5.3:  Spectral  convergence  of  a  TSI  wavenumber  over  a  rigid  wall  for 
Rf  =  998  and  u>  =  0.1122  by  Traub  Iteration  (stage  l:stage  2).  (VAX  8550) 


N 

TSI 

cpu(s) 

Iterations(l:2) 

25 

0.30859  -  :0. 0056782 

17.7 

2:3 

30 

0.30860  -  iO. 0056457 

29.6 

2:3 

35 

0.30863  -  iO. 0057307 

45.2 

2:3 

35 

0.30863  -  t‘0.0057400 

58.8 

2:4 
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Eigenvectors  may  be  obtained  from  either  local  method  as  outlined  in  the 
previous  chapter.  The  resulting  normalized  U] —eigenvector  from  both  approaches 
is  compared  with  Jordinson  in  Figure  5.1.  Exact  agreement  occurs  except  at  one 
location.  A  distortion  occurs  with  Jordinson’s  data  which  is  not  found  with  the 
present  results.  Since  no  distortion  of  the  eigenvector  is  shown  in  Figure  5  of 
Jordinson,  it  is  apparent  that  a  mistake  was  made  in  Jordinson’s  listing  of  the 
eigenvector  values. 

In  the  present  study,  we  will  make  extensive  use  of  points  referenced  to  the 
curve  of  neutral  stability.  Although  the  numerical  procedures  agree  with  pub¬ 
lished  information,  one  final  comparison  is  made  for  the  rigid  wall  case.  This 
curve  of  neutral  stability  divides  the  regions  in  which  a  disturbance  with  an  ap¬ 
propriate  Reynolds  number  and  frequency  will  either  grow  or  decay.  The  neutral 
curve  is  shown  in  Figure  5.2.  Agreement  is  found  with  the  present  results,  the 
results  of  Jordinson  (1970),  and  the  results  of  van  Stijn  and  van  de  Vooren  (1980). 
The  lower  frequency  portion  of  the  curve  is  referred  to  as  branch  I  and  the  high 
frequency  portion  is  branch  II.  The  curve  itself  corresponds  to  the  frequency- 
wavenumber-Reynolds  number  combination  for  a  wave  with  a;  =  wi  =  0.  Either 
temporal  or  spatial  instability  calculations  arrive  at  the  same  result.  A  distur¬ 
bance  with  a  given  frequency  enters  the  region  of  instability  at  branch  I.  As  it 
propagates  downstream  it  exponentially  grows  through  the  unstable  region,  then 
becomes  damped  after  it  crosses  branch  II. 

In  this  section,  we  have  shown  that  results  obtained  through  the  present 
spectral  and  shooting  approaches  agree  with  published  results.  In  the  next  section 
various  compliant  walls  will  be  introduced.  The  numerical  approaches  will  be 
discussed  followed  by  a  further  look  at  the  idea  of  “neutral  curve.” 


Figure  5.2  Curves  of  neutral  stability  for  the  rigid  wall  determined  by  — , 
present  calculations;  — o— ,  Jordinson  (1970);  and  —  x  — ,  Van  Stijn  and  Van  de 
Vooren  (1980). 
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5.2  Introduction  of  Wall  Compliance 

In  this  section,  wall  compliance  is  introduced.  The  properties  are  taken  from 
Carpenter  and  Morris  (1990)  and  are  listed  in  Table  5.4.  These  wall  properties 
are  optimized  to  achieve  a  minimum  growth  rate  of  a  two-dimensional  TSI  wave 
while  keeping  other  modes  that  arise  marginally  stable.  Two  of  the  walls  were 
optimized  at  Rf  =  2240.  A  Reynolds  number  of  2240  was  chosen  because  for  the 
boundary  layer  over  a  rigid  wall  the  disturbances  with  the  critical  frequency  (in 
the  en  sense)  reaches  its  maximum  growth  rate  at  close  to  this  value  of  Reynolds 
number.  Accordingly,  this  is  a  good  choice  of  Reynolds  number  for  optimizing 
the  wall  properties  to  achieve  the  lowest  possible  growth  rate. 


Table  5.4:  Isotropic  and  non-isotropic  compliant  wall  properties  optimized 
at  Rf  —  2240  and  Rf  =  5000  with  pm  =  1000kg/m3  (Carpenter  and  Morris; 
1990). 


0 

degrees 

b 

mm 

E z 

N /mm2 

K 

N/mm3 

0°(2240) 

KBEm 

1.385 

0.3540 

60°(2240) 

BS9 

0.0590 

0°(5000) 

1.385 

0.2360 

60°(5000) 

Hi 

0.507 

0.0197 

The  Reynolds  number  of  5000  was  chosen  to  show  the  effect  of  Reynolds  number 
on  the  instability  behavior.  The  results  of  the  two-dimensional  instability  anal¬ 
ysis  over  these  coatings  and  the  rigid  wall  are  used  for  a  comparison  with  the 
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present  three-dimensional  results.  For  the  three-dimensional  instability  analysis, 
an  isotropic  plate  ( Ex  =  Ez)  and  an  orthotropic  plate  ( Ez  =  0)  are  considered.  An 
orthotropic  plate  with  Ez  =  0  is  very  compliant  in  the  spanwise  direction.  This 
gives  four  coating  combinations  of  interest.  These  are  referred  to  as  isotropic 
wall/isotropic  plate,  isotropic  wall/orthotropic  plate,  non-isotropic  wall/ isotropic 
plate,  non-isotropic  wall/orthotropic  plate.  For  the  isotropic  wall  8  =  0°  and  for 
the  non-isotropic  wall  8  =  60°. 

To  simulate  the  rigid  wall,  Cm  —*  oo  in  the  mechanical  model.  For  Rf  = 
2240  and  u>  =  0.055,  spectral  convergence  is  shown  in  Table  5.5  for  the  rigid 
wall  simulation.  Sufficient  convergence  is  obtained  with  the  same  number  of 
polynomials  as  the  rigid  wall  problem  (Table  5.1).  Here  we  have  switched  to  using 
the  IBM  to  make  comparisons  with  the  three-dimensional  problem.  The  VAX 
has  insufficient  virtual  memory  to  solve  the  three-dimensional  instability  problem 
which  requires  approximately  8-10  Mbytes  of  memory.  Additionally,  cpu  times 
are  fisted  to  give  the  reader  an  idea  of  the  costs  involved  in  these  computations. 
Also,  this  gives  an  indication  of  the  importance  of  supercomputers  without  which 
many  of  these  calculations  could  not  have  been  performed.  This  point  is  of  more 
importance  for  the  secondary  calculations  which  will  be  discussed  in  the  next 
chapter.  To  determine  how  many  polynomials  are  required  to  converge  on  an 
eigenvalue  of  the  TSI  and  TWF  waves  over  the  compliant  wall,  the  8  =  60°  (2240) 
wall  is  introduced.  The  spectral  convergence  results  are  shown  in  Table  5.6  for 
the  two-dimensional  wave.  For  our  purposes  sufficient  convergence  is  attained 
with  48  polynomials.  With  the  increase  in  the  required  number  of  polynomials 
compared  with  the  rigid  wall  a  considerable  increase  in  computational  cost  occurs. 
For  the  local  spectral  approach,  convergence  is  shown  in  Table  5.7.  As  the  results 
indicate,  the  local  method  is  very  efficient  compared  to  the  global  methods. 
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Table  5.5:  Spectral  convergence  of  a  TSI  wavenumber  over  a  rigid  wall 
(i Cm  — »  oo)  by  the  Linear  Companion  Matrix  method.  (IBM  3090- 
vectorized,V,  and  non-vectorized,NV) 


N 

TSI 

cpu(s) 

NV 

cpu(s) 

V 

8 

0.18097  -  zO. 012688 

0.63 

0.15 

12 

0.18695  -  iO. 010321 

1.15 

0.25 

16 

0.18623  -  z'0, 010308 

2.16 

0.42 

20 

0.18622  -  zO. 010345 

3.79 

0.71 

24 

0.18620  -  z'0. 010347 

6.03 

1.05 

28 

0.18622  -  z'0. 010344 

9.42 

1.56 

32 

0.18622  -  z'0. 010342 

13.38 

2.22 

Table  5.6:  Spectral  convergence  of  the  two-dimensional  TSI  and  TWF 
wavenumbers  over  a  6  =  60°(2240)  wall  by  the  Linear  Companion  Matrix 
method.  (IBM  3090-vectorized,V,  and  non-vectorized,NV) 


N 

TSI 

TWF 

cpu(s) 

NV 

cpu(s) 

V 

36 

.15800  -  zO. 003341 

.02158  +  zO. 0006362 

30.05 

4.93 

40 

.15799  -  zO. 003157 

.02150  -  z'0. 0000134 

40.88 

8.11 

44 

.15783  -  z‘0. 003062 

.02135  +  z’0. 0001268 

53.96 

9.79 

48 

.15782  -  z‘0. 003133 

.02145  +  z'0. 0001462 

69.21 

11.38 

52 

.15781  -  z'0. 003127 

.02139  -1-  zO. 0000914 

87.00 

14.67 

56 

.15781  -  z'0. 003141 

.02140  +  z'0. 0001086 

111.15 

19.86 

60 

.15781  -  zO.003141 

.02139  +  zO. 0000925 

138.26 

29.69 

64 

.15781  -  zO. 003139 

.02139  +  z'0. 0000938 

169.62 

35.68 

68 

.15781  -  zO. 003139 

.02139  +  zO. 0000933 

202.83 

41.86 
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Table  5.7:  Spectral  convergence  of  the  two- dimensioned  TSI  and  TWF 
wavenumbers  over  a  8  =  60° (2240)  wall  by  Lancaster’s  method.  (IBM  3090- 
vectorized,V,  and  non-vectorized,NV) 


N 

TSI 

TWF 

cpu(s) 

NV 

cpu(s) 

V 

36 

.15800  -  iO. 003341 

.02158  +  iO. 0006362 

0.51 

| JEM 

40 

.15799  -  iO. 003157 

.02150  -  iO. 0000134 

0.58 

■B 

44 

.15783  -  *0. 003062 

.02135  +  iO.  0001268 

0.89 

B|9 

48 

.15782  -  iO. 003133 

.02145  +  iO. 0001462 

0.96 

B 

52 

.15781  -  i0.003128 

.02139  +  i0.0000913 

1.41 

■B 

56 

.15781  -  tO. 003141 

.02140  +  :0. 0001086 

1.74 

0.35 

60 

.15’7?'  -  iO. 003141 

.02139  +  iO. 0000925 

1.79 

0.41 

64 

lr  81  —  iO. 003139 

.02139  +  tO. 0000938 

2.55 

0.50 

68  , 

,  .a.5781  -  tO. 003139 

L_ _ 

.02139  +  10.0000933 

3.05 

0.59 

A  three-dimensional  wave  is  introduced  with  a  propagation  angle  of  10°.  Conver¬ 
gence  is  shown  for  the  global  and  local  methods  in  Tables  5.8  and  5.9,  respectively. 
Similar  to  the  two-dimensional  wave  results,  48  polynomials  are  sufficient  for  con¬ 
vergence  except  the  problem  size  has  doubled  since  the  disturbance  velocity  and 
vorticity  must  be  solved  for.  For  the  same  Reynolds  number  and  frequency,  the 
shooting  approach  yields  the  eigenvalue  a  =  0.15781  -  tO. 003138  for  the  two- 
dimensional  wave  and  a  =  0.16017  -  i0. 003221  for  the  oblique  wave.  So  for  the 
two-  and  three-dimensional  instability  waves  propagating  over  compliant  walls, 
the  spectral  and  shooting  codes  agree. 
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Table  5.8:  Spectral  convergence  of  a  three-dimensional  TSI  wavenumber 
over  a  6  =  60°(2240)  wall/isotropic  plate  by  the  Linear  Companion  Matrix 
method.  (IBM  3090- vectorized, V,  and  non- vectorized, NV)  (10°  angle  of  wave 
propagation) 


N 

TSI 

cpu(s) 

NV 

cpu(s) 

V 

40 

.16035  -  zO. 003240 

139.51 

30.33 

44 

.16020  -  iO. 003146 

179.59 

35.85 

48 

.16018  -  z‘0. 003214 

235.73 

49.87 

52 

.16017  -  z'0. 003209 

301.42 

65.60 

Table  5.9:  Spectral  convergence  of  a  three-dimensional  TSI  wavenumber 
over  a  9  =  60°(2240)  wall/istropic  plate  by  Lancaster’s  method.  (IBM  3090- 
vectorized,V,  and  non-vectorized,NV)  (10°  angle  of  wave  propagation) 


N 

TSI 

cpu(s) 

NV 

cpu(s) 

V 

36 

.16035  -  zO. 003419 

3.75 

0.74 

40 

.16035  -  zO. 003240 

4.30 

0.94 

44 

.16020  -  iO. 003146 

6.69 

1.28 

48 

.16018  -  zO. 003214 

7.22 

1.60 

52 

.16017  -  iO. 003209 

10.85 

2.04 

56 

.16017  -  iO. 003222 

13.41 

2.54 

60 

.16017  -  iO. 003223 

16.38 

3.05 

64 

.16017  -  iO. 003221 

19.83 

3.66 

68 

.16017  -  z'0. 003221 

23.68 

4.35 

no 


Before  the  results  for  the  primary  instability  analysis  are  presented,  one  final 
advantage  should  be  discussed  for  the  global  method  in  spite  of  the  disadvantage 
of  computational  cost.  This  is  drawn  out  in  Figure  5.3  which  is  a  plot  of  real 
versus  imaginary  phase  velocity  for  the  6  =  0°(2240)  wall.  Four  distinct,  discrete 
eigenmodes  are  found.  These  were  discussed  by  Carpenter,  Joslin,  and  Morris 
(1990a).  Mode  1  is  for  the  slow  moving  TSI  wave;  mode  2  (not  shown)  is  for 
the  fast  moving  TWF;  and  mode  3  is  (probably)  a  Static-Divergence  instability. 
Mode  4  behaves  more  like  a  standing-wave  and  is  of  no  concern  for  the  present 
investigation.  But  mode  4  is  dominant  and  caution  should  be  taken  for  those  using 
a  local  analysis,  since  this  mode  may  mistakenly  be  used  as  the  TSI  mode.  If  one 
were  to  slowly  add  compliance  from  the  rigid  wall  case,  the  eigenvalue  tracked 
seemingly  branches  off  to  mode  4  and  mode  1  (the  TSI  mode).  Mode  4  arises 
from  the  compliant  wall  equation.  Thus  ignoring  mode  4,  we  find  from  Figure 
5.3  that  the  TSI  eigenvalue  is  dominant.  This  is  consistent  with  the  optimization 
procedure. 

In  this  section  the  compliant  coatings  were  introduced  and  the  numerical 
techniques  were  tested.  In  the  next  section,  the  focus  of  the  discussion  wdll  be  on 
comparing  regions  of  stable  and  unstable  instabilities  for  the  compliant  coatings 
and  rigid  wall.  This  is  outlined  by  curves  of  neutral  stability. 

5.3  Curves  of  Neutral  Stability 

In  this  section,  this  concept  of  stable  and  unstable  regions  is  considered 
further.  These  regions  indicate  where  the  instability  wrave  grows  or  decays. 

The  first  coatings  considered  were  optimized  at  Rf  =  2240.  Illustrated  in 
Figure  5.4  are  the  neutral  curves  for  the  rigid  wall,  6  =  0°(2240)  wall,  and  the 
6  =  60° (2240)  wall  for  the  two-dimensional  TSI.  The  9  =  60° (2240)  wall 
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Figure  5.3  Real  versus  imaginary  phase  velocity  for  a  two-dimensional  TSI  wave 
over  a  0  =  0°(2240)  compliant  wall  for  Rf  =  2240  and  u  =  0.065.  (o,  N=48,  x, 
N=52) 
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has  a  smaller  region  of  instability  located  within  the  rigid  wall  case.  As  the 
Reynolds  number  increases  the  lower  branch  approaches  that  of  the  rigid  wall 
and  the  upper  branch  stretches  midway  between  the  rigid  wall  branches.  The 
6  =  0°(2240)  wall  produces  a  curve  which  coincides  with  the  rigid  wall  curve  at 
high  wave  frequencies.  As  the  Reynolds  number  increases  both  branches  approach 
the  9  —  60° (2240)  branches.  This  in  fact  says  nothing  about  the  growth  rates 
within  the  unstable  region.  Although  the  region  of  instability  may  be  smaller  for 
the  compliant  coatings,  the  growth  rates  may  very  well  be  greater  than  the  rigid 
wall  growth  rates.  This  is  not  the  case  for  the  coatings  under  consideration.  This 
will  be  shown  in  the  next  section. 

The  second  set  of  coatings  was  optimized  at  Rg>  =  5000.  Curves  of  neutral 
stability  are  shown  in  Figure  5.5.  For  these  coatings,  the  neutral  curve  approaches 
the  rigid  wall  curve  for  low  Reynolds  numbers  and  the  curve  of  the  9  =  60°  (2240) 
branches  for  high  Reynolds  numbers. 

Some  concern  has  been  expressed  with  respect  to  the  alignment  of  the  ribs, 
or  swivel-arm.  It  has  been  suggested  that  the  same  solutions  would  be  expected 
irrespective  of  whether  the  ribs  are  aligned  upstream  or  downstream.  Although 
Carpenter  and  Morris  (1985)  have  shown  that  ribs  aligned  downstream,  or  in  the 
direction  of  the  flow,  lead  to  higher  growth  rates  than  coatings  with  ribs  aligned 
upstream,  we  will  briefly  look  at  this  comparison  for  the  neutral  curve.  Curves 
of  neutral  stability  for  the  rigid  wall,  9  =  60°(2240)  wall,  and  9  =  — 60°(2240) 
wall  are  shown  in  Figure  5.6.  These  coatings  have  distinctly  different  curves 
where  disturbances  propagating  over  the  9  =  -60°  wall  become  unstable  at  lower 
frequencies  and  Reynolds  numbers  than  those  propagating  over  the  rigid  wall. 

A  final  plot  is  introduced  in  this  section.  Curves  of  neutral  stability  for 
two-dimensic.. '1  instabilities  over  the  rigid  wall  and  9  =  60<>(2240)  wall  are 
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,  rigid  wall; - ,0  =  0°(5000); 
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compared  with  three-dimensional  instabilities  propagating  at  an  angle  of  20°  to 
the  freestream  direction  over  the  6  =  60°(2240)  wall/isotropic  plate.  This  is 
shown  in  Figure  5.7.  The  curve  for  the  three-dimensional  wave  shrinks  at  the 
high  frequency  range  and  begins  to  slowly  approach  the  rigid  wall  for  branch  I.  As 
stated  earlier,  differences  in  the  neutral  curves  give  no  indication  of  the  growth 
rates  within.  Yet  these  curves  are  an  important  indication  of  how  the  region 
of  instability  is  altered.  When  performing  en  type  calculations  for  predicting 
transition,  the  results  in  Figure  5.7  indicate  that  three-dimensional  waves  become 
unstable  sooner  at  the  lower  branch  than  the  two-dimensional  waves. 

We  will  refer  back  to  these  curves  of  neutral  stability  from  time  to  time  in 
the  remaining  portion  of  this  investigation.  At  this  point  we  will  proceed  with  the 
prediction  of  growth  rates  for  two-  and  three-dimensional  instabilities  propagating 
over  the  compliant  coatings. 

5.4  Fixed  Reynolds  Number  Results 

As  a  first  case  we  consider  the  two-  and  three-dimensional  instabilities  for  a 
fixed  Reynolds  number  of  2240.  Figure  5.8  shows  the  growth  rates  of  the  two- 
dimensional  waves  for  various  frequencies  for  the  compliant  and  rigid  walls.  For 
the  8  =  60° (2240)  wall  the  maximum  growth  rate  is  about  25  percent  of  that  for 
the  rigid  wall.  The  width  of  the  unstable  region  in  u>  —  Rs>  space  is  also  reduced 
considerably  for  the  compliant  walls  as  compared  to  the  rigid  surface.  Figures  5.9 
and  5.10  show  the  growth  rates  as  a  function  of  frequency  for  various  oblique  waves 
propagating  over  the  same  two  compliant  walls.  For  both  coatings,  the  maximum 
growth  rates  are  found  for  three-dimensional  wraves  travelling  at  oblique  angles 
of  50-60°  to  the  flow  direction.  In  the  8  =  0°(2240)  case  an  approximately  60 
percent  increase  in  growth  rate  over  the  two-dimensional  case  is  found. 
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Figure  5.8  Two-dimensional  growth  rates  as  a  function  of  frequency  for  TSI 
waves  over  a  — ,  rigid  wall;  —o—,6  —  0°(2240)  wall;  and  —  x  — , 6  =  60°(2240) 
w’all  at  Res •  =  2240. 
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For  the  9  =  60°(2240)  wall  the  dominance  of  the  three-dimensional  waves  is 
considerably  reduced  but  still  quite  marked.  The  reduced  sensitivity  of  the  non¬ 
isotropic  compliant  wall  to  three-dimensional  waves  compared  to  the  isotropic 
case  can  be  attributed  to  the  effects  of  irreversible  energy  exchange  between  the 
wall  and  the  disturbance  due  to  the  work  done  by  the  fluctuating  shear  stress. 
Carpenter  and  Morris  (1990)  showed  that  this  energy  exchange  has  a  relatively 
destabilizing  effect  on  the  Tollmien-Schlichting  waves  which  grows  as  6  increases. 
This  deleterious  effect  is  reduced  for  oblique  waves  owing  to  the  reduced  magni¬ 
tude  of  the  fluctuating  shear  stress  in  the  direction  of  wave  propagation.  Hence 
the  relative  improvement  in  terms  of  reductions  in  the  three-dimensional  growth 
rates  and  range  of  unstable  frequencies  for  non-isotropic  as  compared  to  isotropic 
compliant  walls. 

The  dominance  of  three-dimensional  waves  is  caused  by  the  reduced  effective 
wall  compliance  for  oblique  waves.  Accordingly,  Yeo  (1986)  and  Carpenter 
(1984b)  have  suggested  that  increasing  the  compliance  in  the  spanwise  direction 
by  using  an  orthotropic  plate  may  well  reduce  the  growth  rates  of  the  oblique 
waves.  It  is  apparent  from  Figure  5.11  that  this  strategy  is  successful  for  the 
8  =  0°(2240)  wall/orthotropic  plate  case.  The  three-dimensional  waves  are  now 
no  longer  dominant.  However,  the  orthotropic  plate  used  has  Ez  =  0  which  is  the 
extreme  case  and  may  not  be  practical.  For  the  9  =  60°(2240)  wall/orthotropic 
plate  case  illustrated  in  Figure  5.12  there  is  little  change  from  the  isotropic  plate 
case  shown  in  Figure  5.10.  The  reason  for  this  is  readily  found  from  a  considera¬ 
tion  of  the  equation  of  motion  for  the  wall  (see  3.2.6).  For  the  isotropic  (9  =  0°) 
case  all  of  the  wavenumber  dependent  stiffness  resides  in  the  bending-stiffness 
terms  (Bgd^rj/dx4  etc.).  For  non-isotropic  compliant  walls  (9  >  0°),  on  the  other 
hand,  much  of  the  wavenumber  dependent  stiffness  is  also  contributed  by  the 
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induced-tension  term  (Exd2£/dx2  sin  9  cos  9).  For  9  —  60°  this  second  contribu¬ 
tion  to  the  stiffness  is  relatively  large  and  is,  of  course,  unaffected  by  the  use  of 
an  orthotropic  plate. 

To  show  the  effect  of  Reynolds  number,  the  growth  rates  as  a  function  of 
frequency  at  Rf  =  5000  over  the  6  =  60°  (2240)  wall  are  compared  to  Rf  = 
2240  results  given  before  in  Figures  5.10  and  5.12.  Results  for  the  isotropic  and 
orthotropic  plates  are  shown  in  Figures  5.13  and  5.14.  The  results  for  the  isotropic 
and  orthotropic  plates  yield  similar  growth  rates.  Similar  behavior  was  observed 
at  the  lower  Reynolds  number.  However,  one  difference  does  arise  between  the 
two  different  Reynolds  number  cases.  At  the  lowr  Reynolds  number,  maximum 
growth  rates  are  reached  for  oblique  waves  propagating  at  approximately  55°.  The 
present  high  Reynolds  number  results  indicate  that  the  dominant  instability  waves 
are  highly  three-dimensional.  Instead  of  the  growth  rate  reaching  a  maximum 
for  some  oblique  wave  angle,  the  growth  rates  continue  to  increase  as  the  wave 
propagation  angle  increases.  When  comparing  the  curves  of  Figures  5.13  and 
5.14  with  those  at  the  lower  Reynolds  number,  Figures  5.10  and  5.12,  it  should 
be  remembered  that  the  length  scale  has  changed  by  a  factor  of  1.5.  Thus  the 
maximum  growth  rates  and  the  range  of  unstable  frequencies  are  very  similar  in 
the  two  cases. 

To  show  the  effect  of  walls  optimized  for  two-dimensional  waves,  at  different 
Reynolds  numbers,  9  =  0°(5000)  and  9  =  60°(5000)  compliant  walls  are  used  at 
R6.  =  5000.  Figure  5.15  shows  the  growth  rates  of  the  two-dimensional  waves 
for  various  frequencies  for  the  compliant  and  rigid  walls.  For  the  9  =  60° (5000) 
wall,  the  maximum  growth  rate  is  about  30  percent  of  that  for  the  rigid  wall. 
The  difference  in  the  growth  rates  for  the  isotropic  and  non-isotropic  walls  is  less 
pronounced  than  the  lower  Reynolds  number  walls  of  Figure  5.8.  Figure  5.16 
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Figure  5.13  Growth  rates  as  a  function  of  frequency  for  TSI  waves  over  a  9  - 
60°(2240)  wall/isotropic  plate  at  Res .  =  5000  for  oblique  wave  angles  of  ,  0  , 
. .  .)10°. - ,20°; - ,30°;  -o-,40°;  •  •  •  x  •  •  -,50°; - ,60°. 
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Figure  5.15  Two-dimensional  growth  rates  as  a  function  of  frequency  for  TSI 
waves  over  a  — ,  rigid  wall;  — o —,6  =  0°(5000)  wall;  and  —  x  —  ,0  =  60°(5000) 
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shows  the  growth  rates  of  oblique  waves  at  various  frequencies  for  the  9  = 
60°(5000)  wall/isotropic  plate.  The  orthotropic  plate  shown  in  Figure  5.17  be¬ 
haves  in  a  similar  manner.  The  results  for  these  coatings  agree  with  the  coatings 
optimized  at  the  lower  Reynolds  number.  For  this  non-isotropic  wall  the  or¬ 
thotropic  plate  causes  little  change  in  the  growth  rates  compared  to  the  isotropic 
plate  results.  The  growth  rates  for  oblique  waves  at  various  frequencies  for 
9  =  0°(5000)  wall/isotropic  plate  are  shown  in  Figure  5.18.  Growth  rates  over 
the  orthotropic  plate  are  shown  in  Figure  5.19.  Unlike  the  results  from  the  coat¬ 
ings  optimized  at  the  lower  Reynolds  number,  the  orthotropic  plate  has  much 
less  effect  on  reducing  the  growth  rates  for  the  oblique  waves.  For  both  plates 
three-dimensional  instabilities  are  the  dominant  instability  with  the  instabilities 
having  similar  growth  rates.  As  with  the  comparison  between  isotropic  and  non¬ 
isotropic  walls  at  the  lower  Reynolds  number,  the  6  =  60° (5000)  wall  has  smaller 
growth  rates  than  the  9  =  0°(5000)  wall  although  there  is  less  difference  than  the 
low  Reynolds  number  coatings. 

5.5  Travelling-Wave  Flutter 

To  this  point  we  have  neglected  any  consideration  of  Travelling- Wave 
Flutter(TWF).  The  TWF  instability  was  forced  to  be  marginally  stable  in  the 
choosing  of  the  wall  properties.  Now  consider  TWF  to  determine  the  growth  or 
decay  characteristics  of  oblique  modes  compared  with  the  two-dimensional  case. 
Although  spatial  calculations  may  be  performed  using  the  spectral  method,  it 
is  easier  to  carry  out  the  temporal  analysis  using  an  asymptotic  theory.  The 
asymptotic  theory  developed  by  Carpenter  and  Gajjar  (1990)  provides  a  reason¬ 
able  approximation  for  the  TWF. 

We  consider  first  the  coatings  optimized  at  Rf  =  2240.  Figure  5.20  shows 
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Figure  5.18  Growth  rates  as  a  function  of  frequency  for  TSI  waves  over  a  6 
0°(5000)  waU/isotropic  plate  at  Res •  =  5000  for  oblique  wave  angles  of — ,  ( 
. .  .jo0; - ,20°; - ,30°;  -o-,40°;  •  •  •  x  •  •  -,50°;  -A-,60°;  -  x  -,70°. 
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Figure  5.20  Temporal  growth  rates  as  a  function  of  wavenumber  for  TWF  over 
a  6  =  0°(2240)  wall/isotropic  plate  at  Ref  =  2240  for  oblique  wave  angles  of — , 
0°; - ,  15°; - ,  30°; - ,  45°;  •  •  •,  60°.  (Carpenter;  1990b). 
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the  temporal  growth  rates  of  the  TWF  as  a  function  of  wavenumber  for  the 
9  =  0°(2240)  wall/isotropic  plate  at  Rf  =  2240.  As  is  shown  only  a  narrow  band 
of  weakly  unstable  wavenumbers  is  found.  The  oblique  waves  are  more  stable  than 
the  two-dimensional  one.  As  was  stated  in  the  modal  classification,  mechanisms 
that  destabilize  Class  A  waves  tend  to  stabilize  Class  B  waves.  In  Figure  5.21, 
the  isotropic  plate  is  replace  with  an  orthotropic  one.  Figure  5.21  shows  reduced 
stability  for  the  oblique  modes  as  compared  to  the  two-dimensional  waves  at  the 
higher  wavenumbers.  Nevertheless  the  effect  is  relatively  small  and  the  results 
suggest  that  there  would  be  no  concern  with  TWF  if  orthotropic  plates  were  to 
be  used.  The  9  =  0°(2240)  wall/isotropic  plate  is  replaced  with  the  9  —  60°(2240) 
wall/isotropic  plate.  Figure  5.22  shows  that  the  temporal  growth  rates  increase 
with  the  angle  of  wave  propagation,  although  the  wall  is  stable  with  respect  to 
TWF  for  all  angles  shown.  In  Figure  5.23,  the  isotropic  plate  is  replaced  with 
the  orthotropic  plate.  Similar  to  the  results  for  the  isotropic  plate,  the  temporal 
growth  rates  increase  with  the  angle  of  wave  propagation,  and  yet  the  wall  is 
stable  with  respect  to  TWF  for  all  angles  shown.  This  similar  result  behavior  for 
9  =  60°(2240)  wall/isotropic  plate  and  6  =  60°(2240)  wall/orthotropic  plate  for 
TWF  occurred  earlier  for  TSI  (Figures  5.10  and  5.12).  These  calculations  were 
repeated  for  the  walls  at  a  Reynolds  number  of  5000.  The  TWF  was  again  found 
to  be  stable  for  all  angles. 

The  non-isotropic  wall  optimized  at  Rs>  =  2240  is  replaced  by  the  wall 
optimized  at  Rf  =  5000.  In  this  case  the  bending  stiffness  provides  a  larger 
contribution  to  the  overall  wall  stiffness.  We  might  expect  that  an  orthotropic 
plate  would  be  more  effective  in  this  case,  but  a  comparison  between  the  results 
for  the  isotropic  plate  in  Figure  5.24  and  orthotropic  plate  in  Figure  5.25  reveals 
little  change. 
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Figure  5.21  Temporal  growth  rates  as  a  function  of  wavenumber  for  TWF  over 
a  9  =  0°(2240)  wall/orthotropic  plate  at  Reg •  =  2240  for  oblique  wave  angles  of 
— ,  0°; - ,  15°; - ,  30°; - ,  45°;  •  •  •,  60°.  (Carpenter;  1990b). 
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Figure  5.22  Temporal  growth  rates  as  a  function  of  wavenumber  for  TWF  over 
a  8  =  60°(2240)  wall/isotropic  plate  at  Res •  =  2240  for  oblique  wave  angles  of 
— ,  0°; - ,  15°; ,  30°; - ,  45°;  •  •  •,  60°.  (Carpenter;  1990b). 


Or 


Figure  5.23  Temporal  growth  rates  as  a  function  of  wavenumber  for  TWF  over 
a  9  =  60°(2240)  wall/orthotropic  plate  at  Reg-  =  2240  for  oblique  wave  angles  of 


t  0°; 


— ,  15°; - ,  30°; - ,  45°;  •  •  •,  60°.  (Carpenter;  1990b). 
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Figure  5.25  Temporal  growth  rates  as  a  function  of  wavenumber  for  TWF  over 
a  8  =  60° (5000)  wall/orthotropic  plate  at  Res.  =  5000  for  oblique  wave  angles  of 
— ,  o°; - ,  15°;  -  •  30°; - ,  45°;  •  ■  •,  00°.  (Carpenter;  1990b). 
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The  results  for  the  TWF  instabilities  have  been  included  to  show  a  com¬ 
parison  between  two-  and  three-dimensional  modes.  Made  evident  through  the 
results  presented,  there  would  be  no  problem  with  TWF  for  the  walls  and  plates 
that  are  used  in  the  present  investigation. 

5.6  Static-Divergence 

The  Class  A  instability,  TSI,  and  the  Class  B  instability,  TWF,  have  been 
discussed  in  the  two  previous  sections.  A  third  distinct  class  of  instability  which 
may  arise  due  to  wall  compliance  is  Static-Divergence.  Unlike  the  other  instabil¬ 
ities,  this  is  an  absolute  Class  C  instability  dependent  on  the  surface  properties 
that  when  present  alter  the  surface  shape  and  render  a  linear  analysis  of  the 
present  kind  invalid.  An  illustration  of  the  instability  was  shown  in  Figure  1.5. 
With  Static-Divergence  present,  any  potential  transition-delaying  characteristics 
of  the  coating  would  be  destroyed.  Static-Divergence  occurs  when  the  freestream 
velocity  exceeds  the  “Divergence  velocity.”  Carpenter  and  Garrad  (1985)  gave  a 
criteria  for  Divergence  for  an  isotropic  wall.  Joslin  and  Morris  (1989)  extended 
their  formula  to  account  for  non-isotropic  walls.  This  is  given  as 


where 

Co  —{{Bzo\  +  Exbta.n29  +  KE(<*d  cos  9)~ 2  )/(6pm/  cos2  0)}1/2 
ca  =p/(bpmO!d/  cos2  9) 

and 

ad  =  [y  (£r6tan2#)2  +  \2BZ KE/ cos2  9  -  £I6tan20)/(6BI)]1/2 

For  a  given  freestream  velocity,  the  coating  properties  under  consideration  were 
optimized  so  that  Ud  remained  above  Ue c,  TWF  became  marginally  stable,  and 
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the  TSI  growth  rate  became  minimal.  This  was  performed  for  two-dimensional 
instabilities.  In  the  previous  sections,  we  have  already  discussed  the  effect  of  wall 
compliance  on  three-dimensional  TWF  and  TSI  instabilities.  A  question  arises  as 
to  whether  Static-Divergence  may  be  of  concern.  This  question  can  be  answered 
with  relative  ease  without  any  calculations.  Static-Divergence  occurs  when  the 
freestream  velocity  exceeds  the  Divergence  velocity.  For  three-dimensional  in¬ 
stabilities,  the  compliant  wall  experiences  a  reduced  effective  velocity  (£/«>  cos<p) 
which  is  always  less  than  the  Divergence  velocity.  But  to  confirm  this  we  look  at 
the  three-dimensional  wall  counterpart  to  (5.6.1).  The  following  relation  results 

jjd  -  j~  Bo~ll  cos2  6  +  E* b  sin2  9  cos2  <p-yd  +  V2  c  e  o 


pm  cos  (p  cos2  6 


where 


Ba  =  Bx  cos4  <p  -f  2 Bzz  sin2  <p  cos2  <f>  +  Bz  sin4  <p) 


ad  =  [y  (^iftsin2  0  cos2  <p )2  +  \2B0KE  cos2  6  —  JSz5sin2  6  cos2  <f>)/(6Bx  cos2  ^)]^2 


As  an  example,  the  Static-Divergence  velocity  is  calculated  for  two-  and  three- 
dimensional  waves  over  the  6  =  60°(2240)  wall/isotropic  plate.  For  the  two- 
dimensional  wave,  Ud  =  20.003  which  agrees  with  Joslin  and  Morris  (1989).  For 
an  oblique  wave  travelling  with  a  10°  angle  of  wave  propagation,  Ud  =  20.018.  So 
similar  to  TWF,  Divergence  is  more  stable  to  three-dimensional  instabilities  and 
is  of  little  concern  when  studying  three-dimensional  waves. 


5.7  2D  and  3D  en-criteria  Calculations 


The  problem  of  how  to  extend  the  en  method  to  the  case  of  three-dimensional 
disturbances  has  yet  to  be  satisfactorily  resolved  even  for  rigid  surfaces.  Mathe- 
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matically  the  problem  lies  with  the  fact  that  for  three-dimensional  spatially  grow¬ 
ing  disturbances  there  are,  in  general,  two  complex  eigenvalues  in  the  form  of  the 
complex  wavenumbers,  a+  and  /?+.  The  Orr-Sommerfeld  equation  plus  bound¬ 
ary  conditions  provides  one  condition  and  another  needs  to  be  supplied.  The 
appropriate  way  to  resolve  this  ambiguity  would  depend  on  the  physical  situation 
to  be  simulated.  For  example,  a  quite  different  approach  would  be  required  for 
simulating  an  experiment  on  Tollmien-Schlichting  waves  excited  by  a  vibrating 
ribbon  than  for  natural  transition.  For  the  latter  case  an  appropriate  initial- 
value  problem  would  be  that  corresponding  to  the  development  of  a  wave-packet 
from  a  pulsed  point  source  (see  Gaster,  1983).  A  pulsed  point  source  contains 
all  frequencies  and  is  perhaps  a  better  model  of  the  real  disturbances  leading  to 
natural  transition.  This  is  by  no  means  a  simple  problem  and  so  various  ad  hoc , 
albeit  plausible,  assumptions  have  been  advanced  in  an  attempt  to  extend  the  en 
method  to  the  case  of  three-dimensional  instabilities.  Some  of  these  are  discussed 
briefly  below 

Strokowski  and  Orszag  (1977)  circumvent  the  problem  by  calculating  tempo¬ 
ral  three-dimensional  instabilities  which  have  only  one  complex  eigenvalue,  u>,  for 
specified  real  wavenumbers,  a+  and  /2+.  They  then  determine  the  combination 
of  these  wavenumbers  giving  the  maximum  growth  rate  at  a  given  real  frequency. 
They  use  the  real  part  of  the  group  velocity  with  the  Gaster  (1962)  transformation 
to  obtain  approximations  for  the  spatial  growth  rates  in  terms  of  the  temporal 
ones.  The  real  part  of  the  group  velocity  is  also  used  to  define  the  ray  along  which 
the  en-type  integration  is  performed.  Mack  (1980)  gives  an  illuminating  discus¬ 
sion  of  the  various  possibilities.  But  for  his  spatial  calculations  he  requires  only 
a+  to  be  complex,  0+  being  solely  real.  Cebeci  and  Stewartson  (1980)  resolve  the 
ambiguity  by  imposing  the  condition  that  da+  /d(3+  is  read.  This  is  equivalent  to 
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the  requirement  that  the  wavenumber  and  growth-rate  vectors  be  parallel.  They 
then  look  for  the  direction  of  maximum  growth  and  take  this  to  define  the  path 
of  integration  for  the  eft  calculations. 

In  the  present  work,  Cebeci  and  Stewartson’s  approach  is  closely  followed. 
A  recent  study  by  Cebeci  and  Chen  (1989)  seems  to  show  that  it  gives  the  best 
results  of  the  methods  discussed  above  when  applied  to  transition  prediction  in 
various  cases.  Nevertheless  it  is  undoubtedly  only  an  approximation  and  not 
likely  to  be  all  that  reliable  when  the  direction  of  maximum  growth  is  greatly 
different  from  that  of  the  mainstream.  For  many  of  the  cases  studied  by  us  the 
direction  of  maximum  growth  made  an  angle  as  great  as  70°  to  the  mainstream. 
Consequently,  our  transition  results  based  on  the  Cebeci-Stewartson  method  must 
be  viewed  with  some  caution. 

For  simplicity  we  consider  the  growth  of  disturbances  initiated  at  the  the 
lower  branch  of  the  two-dimensional  neutral  curve  for  each  coating.  This  is  a 
somewhat  more  conservative  approach  even  compared  to  the  approximate  pro¬ 
cedure  used  by  Cebeci  and  Stewartson  (1980)  who  begin  their  calculations  on  a 
sort  of  three-dimensional  neutral  curve  which  they  termed  the  “Zarf.”  Since  the 
growth  rates,  for  both  two-  and  three-dimensional  instability  waves,  are  small 
in  this  region  it  is  not  expected  that  the  predicted  transition  Reynolds  number 
will  be  significantly  different.  The  instability  is  then  allowed  to  seek  the  angle 
of  wave  propagation  in  which  it  has  a  maximum  growth  rate.  The  wave  is  then 
traced  as  it  convects  downstream  and  the  growth  rates  are  used  to  determine  the 
amplification  of  the  wave.  The  amplification  is  given  by 

A  /■(*>*) 

In— =  -  /  7,(x)d(x,z)  5.7.1 

A°  *Mzo,*o) 

where  Ac  is  the  initial  amplitude  of  the  disturbance  at  (x„,  z„ ).  The  en  method  is 
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based  on  the  observation  that  when  the  amplification  of  the  disturbance  reaches 
some  value-n  which  is  equivalent  to  (5.7.1),  transition  occurs  (or  is  imminent).  As 
the  waves  travel  downstream  at  fixed  increments  of  the  streamwise  coordinate,  x, 
values  of  the  growth  rate  and  the  direction  of  wave  propagation,  <f>,  are  retained. 
Although  the  spanwise  incremental  step  is  not  known  exactly,  as  it  is  a  continuous 
function  of  x,  a  second  order  approximation  is  made  with  the  known  local  values 
of  4>  and  x.  From  this  the  spanwise  increment  is  obtained.  This  gives  a  possible 
error  of  ±1  degree  in  the  propagation  angle  for  integrations  in  the  low  frequency 
range. 

To  confirm  these  local  observations  en  calculations  have  been  performed. 
Figure  5.26  shows  curves  of  maximum  amplification  for  two-dimensional  waves 
in  the  frequency  range  of  interest  for  the  compliant  and  rigid  walls.  The  two- 
dimensional  case  agrees  with  Carpenter  and  Morris  (1990).  Figure  5.27  shows 
the  same  curves  with  the  amplification  of  waves  at  a  few  frequencies.  These 
curves  for  a  given  frequency,  indicate  the  amplification  of  a  wave  as  it  grows  from 
branch  I  downstream  to  branch  II.  Some  controversy  exists  as  to  which  value  of 
n  is  the  proper  indication  of  transition.  But  if  we  choose  a  conservative  value 
of  n  =  7  a  delay  of  approximately  4-5  times  the  rigid  wall  transition  Reynolds 
number  is  realized.  However,  for  higher  values  of  n  the  advantages  of  the  wall  com¬ 
pliance  increase.  Figure  5.28  shows  similar  calculations  for  the  three-dimensional 
disturbances  over  the  9  =  60°(2240)  wall.  Instabilities  travelling  over  isotropic 
and  orthotropic  plates  for  the  9  =  60°(2240)  wall  lead  to  similar  maximum  am¬ 
plification  curves.  This  is  in  agreement  with  the  local  calculations  given  above. 
A  decrease  from  the  two-dimensional  transition  delay  occurs,  but  a  transition 
delay  remains  compared  to  the  rigid  wall  results.  The  same  calculations  for  the 
9  =  0°(2240)  wall  illustrated  in  Figure  5.29  show  a  notable  difference  between  the 


Figure  5.26  Two-dimensional  curves  of  maximum  amplification  for  TSI  waves 
over  a - ,  rigid  wall; - —,6  =  0°(2240)  wall;  and  —  60°(2240 )  wall. 
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Figure  5.27  Two-dimensional  curves  of  maximum  amplification  for  TSI  waves 

over  a  - ,  rigid  wall; - ,6  =  0°(2240)  wall;  and  -  •  -,0  =  60°(2240)  wall. 

Frequencies  of:  Fr=  -o-,25.6;  -  x  -,15.4;  and  -A-,  8.1  over  the  6  =  60°(2240) 
compliant  wall. 
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isotropic  and  orthotropic  plate  cases.  In  fact  the  results  for  the  isotropic  plate 
case  approach  the  rigid  wall  results.  No  transition  delay  would  be  expected. 
The  orthotropic  plate  shows  a  notable  delay  of  transition  and  agrees  with  the 
proposed  introduction  of  additional  spanwise  compliance  as  suggested  by  Yeo 
and  Carpenter. 

Two-dimensional  en  calculations  have  been  performed  for  the  8  =  0°(5000) 
and  8  =  60°(5000)  walls.  Figure  5.30  shows  the  curves  of  maximum  amplification 
for  these  walls.  From  the  figure  we  find  that  the  amplification  of  high  frequency 
disturbances  over  the  isotropic  wall  behave  similar  to  those  for  the  rigid  w'all. 
If  the  chosen  n  =  7  value  indicates  transition,  then  transition  for  this  wall  may 
occur  at  the  same  Reynolds  number  as  the  rigid  wall.  The  reader  must  bear-in- 
mind  that  the  value  of  n  was  chosen  conservatively  and  a  more  realistic  value 
might  be  n  =  8.5  —  9.  With  this  being  the  situation,  both  8  =  0°(5000)  and 
8  =  60°(5000)  walls  would  lead  to  considerable  transition  delay  of  7-10  times  the 
rigid  wall  transition  Reynolds  number.  Similar  to  the  walls  optimized  a c  the  lower 
Reynolds  number,  the  non-isotropic  wall  provides  higher  transition  delays  than 
the  isotropic  wall. 

We  now  compare  the  isotropic  and  non-isotropic  walls  which  are  optimized  at 
the  different  Reynolds  numbers.  Curves  of  maximum  amplification  are  shown  in 
Figure  5.31  for  the  isotropic  walls  and  Figure  5.32  for  the  non-isotropic  walls.  For 
the  isotropic  walls,  similar  behavior  is  found  for  the  amplification  curves.  The  8  = 
0°(5000)  wall  provides  a  higher  transition  delay  potential  than  the  8  =  0°(2240) 
wall.  For  the  non-isotropic  walls,  the  behavior  of  the  results  is  much  different 
for  the  two  cases.  The  8  =  60°(5000)  wall  provides  a  much  greater  transition 
delay  than  the  8  =  60°(2240)  wall.  The  higher  the  choice  of  n  the  better  the 
8  =  60°(5000)  wall  is  for  obtaining  transition  delays.  One  might  then  expect 
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Figure  5.30  Two-dimensional  curves  of  maximum  amplification  for  TSI  waves 
over  a  rigid  wall; - ,9  =  0°(5000)  wall;  and - ,  9  -  60°(5000)  wall. 
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Figure  5.31  Two-dimensional  curves  of  maximum  amplification  for  TSI  waves 
over  a - ,  rigid  wall; - —,8  =  0°(2240)  wall;  and  •  •  •  ,0  =  0°(5000)  wall. 
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that  this  wall  would  lead  to  significant  transition  delays  even  when  three- 
dimensional  instabilities  are  present. 

Three-dimensional  en  calculations  have  been  performed  for  the  6  =  60° (5000) 
wall  and  are  shown  in  Figure  5.33.  Only  a  few  frequencies  were  considered  in  these 
calculations  and  these  results  are  shown  as  circles  in  the  figure.  As  before  the 
oblique  modes  dominate  transition.  Except,  with  this  wall,  the  delay  of  transition 
has  decreased  to  only  a  factor  of  1.4  over  the  rigid  wall  case.  Additionally,  the 
orthotropic  plate  is  found  to  have  no  effect  on  reducing  the  amplification  of  the 
instabilities  for  the  6  =  60° (5000)  wall  which  is  similar  to  what  w’as  shown  earlier 
for  the  6  =  60°(2240)  wall  (Figure  5.28).  Previous  two-dimensional  en  results 
(Figure  5.30)  indicated  that  this  wall  had  a  much  stronger  potential  for  transition 
delays  as  compared  with  the  walls  optimized  at  a  Reynolds  number  of  2240. 
However,  the  present  calculations  reveal  that  this  is  not  the  case  and  with  three- 
dimensional  instabilities,  the  non-isotropic  wall  optimized  at  the  lower  Reynolds 
number  leads  to  greater  transition  delays.  It  is  evident  for  this  wall  that  the 
three-dimensional  growth  rates  are  so  large  that  ihe  delay  of  transition  potential 
for  this  wall  is  destroyed. 

Shown  in  Figures  5.34  and  5.35  are  the  variation  of  the  angle  of  wave  propaga¬ 
tion  for  maximum  growth  with  downstream  distance  for  waves  of  several  frequen¬ 
cies  propagating  over  the  6  =  60°(2240)  wall/isotropic  plate  and  0  =  60°(2240) 
wall/orthotropic  plate,  respectively.  Similar  results  are  shown  in  Figures  5.36 
and  5.37  for  the  6  =  0°(2240)  wall  for  the  isotropic  and  orthotropic  plates.  The 
high  frequency  waves  are  predominantly  two-dimensional.  As  the  wave  frequency 
decreases  the  waves  propagate  with  increasing  obliqueness.  This  begins  at  the 
lower  branch  of  the  neutral  curve.  As  the  waves  travel  downstream  their  angle  of 
wave  propagation  becomes  more  two-dimensional.  One  might  expect  that  for  the 


Figure  5.33  Two-  and  three-dimensional  curves  of  maximum  amplification  for 

TS1  waves  over  a  — ,  2D  rigid  wall;  —  •  — ,  2D  8  =  60°(5000)  wall; - ,  3D 

8  -  60°(5000)  wall/orthotropic  plate;  and  •  •  3D  8  =  60°(5000)  wall/isotropic 
plate,  (o-calculated  values). 
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Figure  5.35  The  angle  of  wave  propagation  as  a  function  of  Reynolds  number 
for  the  most  unstable  TSI  wave  over  a  6  =  60°(2240)  wall/orthotropic  plate  for 

frequencies  of:  Fr=  —  x  — ,  99.3;  - ,  89.5;  —  •  — ,  67.0;  •■■,42.3;  ,  20.9; 

and - ,  9.8. 
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Figure  5.36  The  angle  of  wave  propagation  as  a  function  of  Reynolds  number 
for  the  most  unstable  TSI  wave  over  a  8  =  0°(2240)  wall/isotropic  plate  for 
frequencies  of:  Fr=  -  x  -,99.7;  - ,  82.4;  -  •  -,62.0;  •  •  -,41.1;  and - ,  15.8. 
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Figure  5.37  The  angle  of  wave  propagation  as  a  function  of  Reynolds  number 
for  the  most  unstable  TSI  wave  over  a  9  —  0°(2240)  wall/orthotropic  plate  for 

frequencies  of:  Fr=  —  x  —,99.7;  — ,  82.4;  —  •  —  ,62.0;  •  •  *,41.1; - ,  15.8;  and 

- ,8.0. 
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plate-spring  compliant  wall  model  under  consideration  that  for  low  Rx  and  high 
frequencies  or  for  sufficiently  high  Rx  and  low  frequencies  the  wall  responds  as 
a  rigid  w'all  and  two-dimensional  waves  would  dominate.  For  the  8  =  60° (2240) 
wall,  waves  propagating  over  the  isotropic  and  orthotropic  plates  travel  in  similar 
trajectories.  That  is,  at  downstream  distances,  the  dominant  instability  wave  is 
propagating  at  the  same  (or  nearly  the  same)  angle  of  wave  propagation.  For 
the  8  =  0°(2240)  wall,  waves  travel  in  a  different  manner  over  the  isotropic  and 
orthotropic  plates.  For  the  wave  angles  shown  in  Figure  5.36  for  the  isotropic 
plate,  waves  at  a  given  frequency  propagate  at  larger  angles  than  the  waves  for 
the  orthotropic  plate  shown  in  Figure  5.37. 

This  concludes  our  presentation  of  the  primary  instability  results  for  the 
present  study.  From  these  results,  we  conclude  that  three-dimensional  primary 
instabilities  dominate  transition  over  the  compliant  walls  considered;  yet,  transi¬ 
tion  delays  occur  compared  with  the  rigid  wall  case.  More  detailed  conclusions  will 
be  made  in  Chapter  7.  In  the  second  part  of  the  present  study,  the  effect  of  com¬ 
pliant  walls  on  secondary  instabilities  that  result  from  two-  and  three-dimensional 
primary  waves  is  determined.  The  results  of  this  fluid/wall  interaction  study  are 
given  in  the  next  chapter. 
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CHAPTER  6 

RESULTS  OF  THE  SECONDARY  INSTABILITY  ANALYSIS 
6.1  Rigid  Wall  Verification 

In  the  previous  chapter,  we  showed  that  a  delay  of  boundary  layer  transition 
could  be  attained  through  the  use  of  compliant  walls  in  an  analysis  considering 
the  linear  instability  behavior  only.  In  this  chapter,  the  effect  of  wall  compliance 
on  the  secondary  instability  mechanisms  in  transition  is  determined.  Before  the 
compliant  wall  is  introduced,  results  from  the  spectral  and  shooting  methods 
are  verified  for  the  rigid  wall.  In  all  of  the  cases  considered  for  the  solutions  of 
secondary  instabilities,  the  freestream  velocity  (Loo)  is  20  m/s,  the  density  ( p )  is 
1000  kg/m3,  and  the  kinematic  viscosity  (i/)  is  1  x  10~6  m2/s. 

6.1.1  Subharmonic  Disturbance 

To  be  consistent  with  Herbert’s  terminology,  hereafter  the  TSI  wave  is  re¬ 
ferred  to  as  the  primary  instability.  For  the  two-dimensional  primary  instability 
wave  propagating  over  a  rigid  wall,  results  for  the  subharmonic  mode  of  secondary 
instability  are  compared  with  Herbert  (1985).  Spectral  convergence  is  shown  in 
Table  6.10  for  =  880,  Fr  =  58.8,  0  =  0.214,  and  A  =  0.00695.  For  our  pur¬ 
poses  35  polynomials  are  sufficient  for  convergence  on  the  dominant  instability. 
From  Lancaster’s  local  refinement  method  and  the  shooting  method,  a  =  0.00418 
is  obtained.  35  collocation  points  are  used  for  the  primary  wave;  and  the  domain 
extends  to  y^x  =  15.  These  results  differ  slightly  from  Herbert  who  obtained 
<7  =  0.00407.  This  difference  may  be  expected  since  the  secondary  instabilities 
are  very  sensitive  to  parameter  changes.  In  Table  6.11,  the  effect  of  the  secondary 
growth  rate  on  the  spanwise  wavenumber  variation  is  shown. 
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Table  6.10:  Spectral  convergence  of  temporal  eigenvalues  for  the  subhar¬ 
monic  mode  of  secondary  instability  for  a  two-dimensional  primary  wave 
over  a  rigid  wall  for  Rt  =  880,  Fr  =  58.8,  A  =  0.00695,  (3  =  0.214  and 
q  =  0.15488  -  j0. 005504. (IBM  3090) 


N 

^2,3 

cpu(s) 

15 

0.0032924 

2.99 

20 

0.0039769 

0.0007067±i0.010675 

4.86 

25 

0.0041494 

0.0011586±i0.010510 

7.91 

30 

0.0041667 

0.0011565±i0.010456 

12.20 

35 

0.0041714 

0.0011640±i0.010448 

18.11 

40 

0.0041713 

0.0011628±i0.010448 

25.29 

45 

0.0041713 

0. 00 1 1 628  ±i0. 010448 

35.05 

Table  6.11:  Variation  of  the  spanwise  wavenumber  0  for  the  subharmonic 
mode  of  secondary  instability  for  a  two-dimensional  primary  wave  over  a  rigid 
wall  for  R6  =  880,  Fr  =  58.8,  A  =  0.00695,  and  a  =  0.15488  -  i0.005504. 
(IBM  3090) 


0 

°\ 

0.214 

0.004181 

0.216 

0.004150 

0.218 

0.004123 

0.220 

0.004095 

0.222 

0.004067 
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For  small  changes  in  the  spanwise  wavenumber,  Herbert’s  results  are  obtained. 
Similar  results  may  be  obtained  with  small  changes  in  the  Reynolds  number  or 
primary  wave  amplitude.  To  further  confirm  that  the  approach  is  correct  for 
the  two-dimensional  waves,  Table  6.12  shows  a  comparison  between  the  present 
results  with  Herbert  (1983)  for  a  very  specific  set  of  parameters.  The  present 
results  agree  with  Herbert’s. 


Table  6.12:  Comparison  of  the  present  results  with  Herbert  (1983)  for  the 
unstable  modes  of  the  subharmonic  mode  of  secondary  instability  for  a  two- 
dimensional  primary  wave  over  a  rigid  wall  for  R $  =  826.36,  Fr  =  83,  /?  = 
0.18  and  a  =  0.1949.  (IBM  3090) 


The  eigenfunctions  may  be  obtained  from  either  local  method  as  outlined  in 
Chapter  4.  The  velocity  distribution  is  given  by 

U3  =  Bcos0z'  [ujUj  +  u_i  ulj  ]^2  6.1.1 

The  normalized  u3 -eigenvector  is  shown  for  the  shooting  and  spectral  methods 
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compared  to  the  experimental  results  of  Kachanov  and  Levchenko  (1984)  in  Figure 
6.1.  Similar  to  what  Herbert  showed,  this  particular  theory  agrees  quite  well  with 
the  present  experimental  evidence. 

In  this  section,  we  have  shown  that  the  present  approach  for  subharmonic 
disturbances  agree  with  published  results  for  the  rigid  wall  case. 

G.l-2  Fundamental  Disturbance 


In  a  similar  manner  to  the  subharmonic  mode,  the  present  results  are  com¬ 
pared  with  Herbert  (1985)  for  the  rigid  wall  case.  For  Rs  =  880,  Fr  =  58.8, 
0  =  0.214  and  A  =  0.00695,  the  spectral  convergence  results  are  shown  in  Table 
6.13.  Reasonable  convergence  is  attained  with  35  polynomials.  For  these  parame¬ 
ters,  Herbert  obtained  <r  =  0.00084.  Again,  a  small  difference  between  the  present 
results  and  Herbert’s  exists.  From  Table  6.14,  a  small  variation  in  the  spanwise 
wavenumber  yields  comparable  results. 

The  methods  for  determining  the  eigenfunctions  are  the  same  as  were  demon¬ 
strated  for  the  subharmonic  mode  and  the  velocity  distribution  is  determined  by 

Ut  =  BcOS0z'  [u0u*  -)-  U2U2  +  u-2u‘-2}1^2  ■  6.1.2 

This  completes  the  verification  of  the  present  theoretical  approach  for  sec¬ 
ondary  instabilities  over  a  rigid  wall. 
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Table  6.13:  Spectral  convergence  of  temporal  eigenvalues  for  the  funda¬ 
mental  mode  of  secondary  instability  for  a  two-dimensional  primary  wave 
over  a  rigid  wall  for  Rs  =  880,  Fr  =  58.8,  A  =  0.00695,  0  =  0.214  and 
a  =  0.15488  -  t'0.005504.(Cray  Y/MP) 


N 

o\ 

cpu(s) 

10 

0.00013363 

0.61 

15 

0.00028380 

1.12 

20 

0.00091129 

1.97 

25 

0.00087073 

3.35 

30 

0.00090107 

5.25 

35 

0.00091794 

8.78 

40 

0.00091743 

12.11 

45 

0.00091831 

16.73 

Table  6.14:  Variation  of  the  spanwise  wavenumber  0  for  the  fundamental 
mode  of  secondary  instability  for  a  two-dimensional  primary  wave  over  a  rigid 
wall  for  Rs  =  880,  Fr  =  58.8,  A  =  0.00695,  and  a  =  0.15488  -  i0.005504. 
(IBM  3090) 


0 

0.214 

0.000917 

0.216 

0.000908 

0.218 

0.000899 

0.220 

0.000890 

0.222 

0.000880 
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6.2  Introduction  of  Wall  Compliance 

In  this  section,  compliant  walls  are  introduced  for  the  secondary  instability 
analysis.  Due  to  the  computational  cost  involved  with  this  type  of  study,  we  will 
only  look  at  the  6  =  0°(2240)  and  6  =  60°(2240)  compliant  walls  with  isotropic 
plates.  Hereafter,  these  coatings  are  simply  termed  isotropic  and  non-isotropic 
compliant  walls. 

6.2.1  Subharmonic  Disturbance 


To  simulate  the  rigid  wall,  C m  — *  oc  in  the  mechanical  model.  For  R$  =  880, 
Fr  =  58.8  and  A  =  0.00695,  spectral  convergence  is  shown  in  Table  6.15  for  the 
rigid  wall  simulation.  Sufficient  convergence  is  obtained  writh  the  same  number 
of  polynomials  as  the  rigid  wall  problem.  Some  of  these  calculations  require  in 
excess  of  30Mbytes  of  virtual  memory,  so  supercomputers  are  invaluable.  To 
determine  how  many  polynomials  are  required  to  converge  to  an  eigenvalue  for 
the  compliant  wall  case,  the  isotropic  wall  is  considered  for  the  same  Reynolds 
number  and  frequency.  The  spectral  convergence  results  are  shown  in  Table  6.16. 
For  our  purposes  sufficient  convergence  is  attained  with  40  polynomials.  The 
local  spectral  method  requires  as  much  cpu  time  as  the  global  and  achieves  the 
same  values.  This  cost  arises  in  the  local  method  since  the  matrix  size  is  very 
large  and  matrix  inversions  are  required  for  each  iteration.  These  results  are 
for  a  two-dimensional  primary  wave.  The  same  cost  and  requirements  occur  for 
the  three-dimensional  primary  wave,  since  the  secondary  instability  analysis  is 


three-dimensional  for  both  cases. 
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Table  6.15:  Spectral  convergence  of  temporal  eigenvalues  for  the  subhar¬ 
monic  mode  of  secondary  instability  for  a  two-dimensional  primary  wave  over 
a  rigid  wall  (Cm  — +  oo)  for  Rg  =  880,  Fr  =  58.8,  A  —  0.00695,  (3  =  0.214 
and  a  =  0.15488  —  10. 005504  by  the  Bernoulli  method  with  three  iterations. 
(IBM  3090) 


N 

cr2,3 

cpu(s) 

30 

0.0041430 

0. 001 1136±i0. 010461 

23.14 

35 

0.0041782 

0.0011780±i0.010441 

34.68 

40 

0.0041698 

0.0011600±i0.010452 

49.40 

Table  6.16:  Spectral  convergence  of  temporal  eigenvalues  for  the  subhar¬ 
monic  mode  of  secondary  instability  for  a  two-dimensional  primary  wave  over 
the  6  =  0°(22 40)  wall/isotropic  plate  for  Rg  =  880,  Fr  =  58.8,  A  =  0.00695. 
/?  =  0.214  and  o  =  0.15212  —  iO. 004853  by  the  Bernoulli  method  with  three 
iterations.  (IBM  3090) 


N 

a2,3 

cpu(s) 

20 

0.0038300 

0.0007078±i0.010295 

8.24 

25 

0.0039926 

0. 001021 8  ±i0. 010006 

1**.35 

30 

0.0039835 

0.0009690H0.010048 

22.67 

35 

0.0039847 

0.000971 4  ±i0.0 1001 9 

33.74 

40 

0.0039865 

0.0009765±i0. 010025 

49.70 

45 

0.0039857 

0.0009744±i0. 010025 

67.71 

50 

0.0039859 

0.0009747±i0.010025 

91.14 
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6.2.2  Fundamental  Disturbance 

For  the  fundamental  mode  with  R$  =  880,  Fr  =  58.8  and  A  =  0.00695, 
spectral  convergence  is  shown  in  Table  6.17  for  the  rigid  wall  simulation.  Sufficient 
convergence  is  obtained  with  the  same  number  of  polynomials  as  the  rigid  wall 
problem.  Some  of  these  calculations  require  in  excess  of  60Mbytes  of  virtual 
memory  which  is  a  considerable  computational  demand.  To  determine  how  many 
polynomials  are  required  to  converge  to  an  eigenvalue  for  the  compliant  wall  case, 
the  isotropic  wall  is  introduced  for  the  same  Reynolds  number  and  frequency.  The 
spectral  convergence  results  are  shown  in  Table  6.18.  For  our  purposes,  reasonable 
convergence  is  attained  with  40  polynomials  similar  to  the  subharmonic  problem. 
The  local  spectral  method  requires  as  much  cpu  time  as  the  global  and  achieves 
the  same  values. 


Table  6.17:  Spectral  convergence  of  temporal  eigenvalues  for  the  fundamen¬ 
tal  mode  of  secondary  instability  for  a  two-dimensional  primary  wave  over 
a  rigid  wall  (Cm  — +  oo)  for  Rs  =  880,  Fr  =  58.8,  A  =  0.00695,  /?  =  0.214 
and  a  =  0.15488  —  i0. 005504  by  the  Bernoulli  method  with  three  iterations. 
(Cray  Y/MP) 


N 

a\ 

cpu(s) 

30 

0.00085131 

24.28 

35 

0.00093863 

38.60 

40 

0.00090921 

54.85 

45 

0.00092178 

77.22 
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by  the  DNS  of  Spalart  and  Yang  (1987).  In  the  first  part  of  this  study  we  briefly 
examine  both  the  subharmonic  and  fundamental  modes  over  the  compliant  walls. 
Most  emphasis  is  placed  on  the  subharmonic  mode  since,  as  theory  and  compu¬ 
tations  indicate,  subharmonic  disturbances  are  more  unstable  than  fundamental 
disturbances.  We  do  include  some  fundamental  disturbances  to  verify  that  these 
modes  do  not  become  more  unstable  over  compliant  walls. 

For  the  secondary  instability  problem  involving  a  two-dimensional  primary 
wave,  the  dynamic  equations  for  subharmonic  and  fundamental  disturbances  may 
be  formed  into  real  systems  by  appropriate  addition  and  subtraction  of  the  gov¬ 
erning  equations.  From  this  we  may  expect  to  obtain  real  and  complex  conjugate 
eigenvalues.  This  is  precisely  what  was  found  in  the  code  verification  of  Tables 
6.10-18.  Additionally,  the  real  eigenvalue  is  the  most  unstable.  This  implies  that 
the  secondary  instability  is  travelling  with  the  same  phase  speed  as  the  primary 
wave.  Hereafter,  all  illustrations  are  given  with  respect  to  the  real  eigenvalue 
which  is  the  temporal  growth  rate  of  the  secondary  mode  of  instability  unless 
otherwise  noted. 

An  important  aspect  of  this  basic  flow  is  its  symmetry.  The  basic  flow  is 
two-dimensional  flowing  in  the  x  —  y  plane  only,  while  the  secondary  instability  is 
three-dimensional  with  span  wise  wavenumber,  0.  With  this  basic  flow,  the  result 
of  the  secondary  instability  for  +0  and  —  0  is  the  same.  With  these  considerations 
noted  we  proceed  to  a  comparison  of  results  for  the  rigid  and  compliant  walls. 

In  a  similar  manner  to  the  primary  instability  analysis,  we  consider  results 
for  a  fixed  Reynolds  number  of  2240.  In  this  section,  secondary  instabilities 
which  arise  from  two-dimensional  primary  waves  are  examined.  The  isotropic 
and  non-isotropic  compliant  walls  are  used.  We  consider  waves  with  frequencies 
for  maximum  growth  rates.  From  Figure  5.8,  we  find  that  the  maximum  growth 
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rates  occur  at  u  =  0.055  (Fr  ~  24.5)  for  the  non-isotropic  wall  and  ui  =  0.065 
(Fr  ~  29.0)  for  the  isotropic  wall.  In  Figure  6.2  the  growth  rates  of  the  subhar¬ 
monic  and  fundamental  disturbances  are  shown  versus  the  spanwise  wavenumber 
for  the  rigid  and  isotropic  walls.  The  figure  illustrates  that  the  growth  rates  over 
a  compliant  wall  are  reduced  compared  with  the  rigid  wall  results.  Additionally, 
the  subharmonic  mode  has  larger  growth  rates  than  the  fundamental.  Due  to  this 
observation  and  the  fact  that  a  detailed  study  of  both  modes  would  be  compu¬ 
tationally  expensive  and  for  the  most  part  unnecessary,  only  calculations  for  the 
dominant  subharmonic  disturbance  will  be  made  and  presented. 

In  Figure  6.3,  the  growth  rate  of  the  subharmonic  disturbance  over  the  rigid 
and  non-isotropic  wall  are  shown.  The  non-isotropic  wall  leads  to  reduced  sec¬ 
ondary  growth  rates  compared  to  the  rigid  wall  results.  Care  must  be  taken  in 
comparing  Figures  6.2  and  6.3  since  they  are  taken  at  different  frequencies.  The 
frequency  of  each  is  chosen  for  the  maximum  primary  instability  growth  rate  of 
the  compliant  wall.  For  the  non-isotropic  wall  case,  the  growth  rates  of  the  sec¬ 
ondary  instabilities  are  reduced  more  than  in  the  isotropic  case.  Yet  the  growth 
rates  of  secondary  instabilities  over  the  isotropic  wall  are  less  than  those  over  the 
rigid  wall. 

At  this  point  we  examine  aspects  of  the  eigenvalue  spectrum:  both  continuous 
and  discrete  modes.  We  found  in  our  primary  instability  analysis  that  by  using 
different  numbers  of  polynomials(N)  for  the  series  approximation,  discrete  modes 
may  be  identified.  Although  we  are  only  interested  in  the  unstable,  or  growing, 
modes  which  are  discrete,  this  approach  will  be  used  for  the  secondary  problem  to 
show  any  changes  that  may  occur  in  the  spectrum  when  compliant  walls  are  used. 
Figure  6.4  shows  the  secondary  eigenvalues  for  the  rigid  wall  problem.  For  some 
modes  it  is  difficult  to  determine  which  modes  are  of  the  discrete  or  continuous 


Figure  6.2  Growth  rates  of  the  secondary  instabilities  as  a  function  of  spanwise 
wavenumber  for  R(  =  2240,  Fr  ~  29.0,  and  A  =  0.01.  subharmonic:  -o-,  rigid 
wall;  .  •  •  o-  ■  •,  isotropic  wall  and  fundamental:  —  x  — ,  rigid  wall;  •  ■  •  x  •  ■  isotropic 
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Figure  6.4  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  two-dimensional  primary  wave  over  a  rigid  wall  with  Rf  =  2240,  Fr  ~  24.5, 
A  =  0.01,  and  0  =  0.2.  (o,  N=40  and  x,  N=45) 
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spectrum.  It  is  apparent  that  a  number  of  discrete  growing  and  decaying  modes 
exist  near  <r,-  =  0.  What  is  important  for  the  instability  analysis  are  the  growing 
modes  that  have  positive  aT.  The  characteristic  look  of  the  spectrum  is  not 
too  unlike  that  shown  by  Herbert  (1983)  for  plane  channel  flow  except  for  the 
asymmetry  in  the  channel  spectrum  about  The  present  spectrum  clusters  at 
—0.07  <  <?i  <  0.07  while  the  spectrum  of  the  channel  problem  is  clustered  at 
—  0.4  <  cr,-  <  0.4.  Of  course,  this  is  indictive  of  two  different  physical  situations 
with  different  flow  parameters.  This  comparison  is  noted  as  an  observation  of 
the  similarities  and  differences  between  the  two  class  of  flows.  For  the  rigid  wall, 
only  three  modes  are  growing-one  real  and  a  complex  conjugate  pair.  The  non¬ 
isotropic  wall  is  introduced  and  the  spectrum  is  shown  in  Figure  6.5.  A  similar 
pattern  exists  for  the  spectrum.  A  comparison  of  the  non-isotropic  eigenvalues(x) 
with  the  rigid  wall  case  (o)  is  shown  in  Figure  6.6.  The  extent  to  which  the 
spectrum  extends  in  is  slightly  reduced  for  the  compliant  case.  In  Figure  6.7 
only  the  growing  modes  are  shown.  For  both  the  rigid  and  non-isotropic  walls, 
the  growing  modes  consist  of  a  real  and  complex  conjugate  pair.  This  is  what  we 
might  expect  since  the  real  and  complex  conjugate  eigenvalues  are  a  result  of  the 
symmetry  in  the  basic  flow  which  exists  for  both  cases.  The  non-isotropic  wall 
suppresses  the  growth  rate  of  the  subharmonic  disturbance  by  17%  of  a  similar 
disturbance  over  the  rigid  wall.  In  Figure  6.8,  the  spectrum  over  the  isotropic  wall 
is  shown.  The  results  are  comparable  to  the  non-isotropic  case.  A  comparison  of 
the  spectrum  over  the  isotropic  wall(x)  is  made  with  the  rigid  wall  results(o)  in 
Figure  6.9.  A  change  in  the  spectrum  occurs  which  is  similar  to  the  non-isotropic 
results.  A  smaller  difference  occurs  between  the  isotropic  and  rigid  walls.  This  is 
what  we  might  expect  since  the  basic  flow  over  the  isotropic  wall  is  closer  to  the 
rigid  wall  case  than  the  basic  flow  over  the  non-isotropic  wall.  In  Figure  6.10,  the 
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Figure  6.5  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  two-dimensional  primary  wave  over  a  non-isotropic  wall  with  Rs>  =  2240, 
Ft  ~  24.5,  A  =  0.01,  and  0  =  0.2.  (o,  N=40  and  x,  N=45) 
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Figure  6.6  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  two-dimensional  primary  wave  over  a  o,  rigid  wall  and  x ,  non-isotropic  wall 
with  Rf  =  2240,  Ft  ~  24.5,  A  =  0.01,  and  0  =  0.2. 
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Figure  6.7  Real  versus  imaginary  temporal  eigenvalue  for  growing  modes  of  the 
subharmonic  mode  for  a  two-dimensional  primary  wave  over  a  o,  rigid  wall  and 
x,  non-isotropic  wall  with  Rp  =  2240,  Fr  ^  24.5,  A  =  0.01,  and  j3  =  0.2. 
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Figure  6.8  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  two-dimensional  primary  wave  over  a  isotropic  wall  with  i?$.  =  2240,  Ft  ~ 
24.5,  A  =  0.01,  and  (3  =  0.2.  (o,  N=40  and  x,  N  =  45) 
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Figure  6.9  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  two-dimensional  primary  wave  over  a  o,  rigid  wall  and  x,  isotropic  wall  with 
Rs.  =  2240,  Fr  ~  29.0,  A  =  0.01,  and  0  =  0.25. 
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Figure  6.10  Real  versus  imaginary  temporal  eigenvalue  for  growing  modes  of  the 
subharmonic  mode  for  a  two-dimensional  primary  wave  over  a  o,  rigid  wall  and 
x,  isotropic  wall  with  Rf  =  2240,  Fr  ~  29.0,  A  =  0.01,  and  /?  =  0.25. 
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growing  modes  for  the  isotropic  wall(x)  and  rigid  wall(o)  are  shown.  A  reduc¬ 
tion  of  20%  in  the  growth  rate  of  the  subharmonic  disturbance  occurs  due  to 
the  presence  of  the  isotropic  wall.  For  both  compliant  walls,  a  reduction  in  the 
growth  rates  of  the  secondary  instability  is  found.  Although  it  appears  that  the 
isotropic  walls  supress  the  secondary  instability  growth  rates  more  than  the  non¬ 
isotropic  wall,  a  more  extensive  and  complete  comparison  would  be  possible  using 
a  common  frequency  instability  analysis. 

The  results  that  were  just  presented  were  for  a  fixed  basic  flow.  A  better 
measure  of  the  degree  to  which  compliant  walls  may  suppress  the  development 
of  the  secondary  instabilities  is  found  by  tracking  waves  as  they  grow  and  decay. 
The  e”-criterion  proved  an  acceptable  method  in  predicting  the  secondary  growth 
compared  with  the  experiments  of  Kachanov  and  Levchenko  (1984)  where  the 
criterion  for  the  secondary  analysis  is  given  by 


The  comparison  is  shown  in  Figure  6.11.  As  discussed  earlier,  the  reason  for 
choosing  Herbert’s  theory  is  the  reasonably  good  agreement  it  has  with  available 
experiments. 

An  exhaustive  parametric  investigation  is  beyond  the  scope  of  this  study, 
so  a  reasonable  choice  of  cases  must  be  decided  to  demonstrate  the  effects  of 
compliant  walls  on  the  secondary  instabilities.  In  order  to  compare  secondary 
instabilities  over  the  rigid  and  compliant  walls  in  an  en  sense  a  relatively  high 
frequency  wave  must  be  selected.  In  Figure  6.12,  the  maximum  amplification  of 
waves  propagating  over  the  rigid  and  compliant  walls  along  with  the  amplification 
of  waves  at  a  frequency(Fr)  of  53  is  shown.  We  might  expect  at  this  frequency 
that  the  isotropic  wall  would  be  less  effective  in  suppressing  secondary 


Figure  6.11  Amplitude  growth  with  Reynolds  number  of  the  subharmonic  mode 
(B)  of  a  two-dimensional  primary  wave  (A)  over  a  rigid  wall  at  Fr  =  124,  A0  = 
0.0044,  B0  =  1.86  x  10— 5 ,  and  b  =  0.33.  — ,  theory  and  (x,o),  Kachanov  and 
Levchenko  (1984). 
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Figure  6.12  Two-dimensional  curves  of  maximum  amplif  ication  for  TSI  waves 
over  a  - t  rigid  wall; - ,  isotropic  wall;  and  -  •  non-isotropic  wall  and 


—  o— ,  waves  of  Ft  ~  53. 
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instabilities  since  the  basic  flow  is  comparable  to  the  rigid  wall  case.  The  basic  flow 
is  quite  different  over  the  non-isotropic  wall  w’here  the  primary  instability  growth 
is  suppressed  significantly.  Therefore  we  would  expect  the  non-isotropic  w’all  to 
be  more  effective  in  suppressing  the  secondary  instabilities.  Additionally,  the 
effect  of  both  compliant  walls  becomes  more  advantageous  at  lower  frequencies. 
The  en -criterion  is  used  to  track  wraves  from  branch  I  to  branch  II  of  the  neutral 
curve  for  the  rigid,  isotropic,  and  non-isotropic  walls.  Figure  6.13  illustrates 
the  amplitude  growth  of  the  primary  instability  (A)  and  secondary  instability 
(B)  for  A0  =  0.004,  B0  =  1  x  10~5,  and  b  =  0.15.  The  initial  amplitudes  are 
somewhat  arbitrarily  chosen.  These  were  selected  to  be  close  to  the  parameters 
of  Kachanov  and  Levchenko  (1984).  The  spanwise  wavenumber  ( b )  was  chosen 
near  the  maximum  growth  rate  of  the  secondary  instability  at  the  branches  of 
the  neutral  curve  for  the  rigid  wall  case.  The  amplification  of  the  instability 
over  the  isotropic  and  rigid  walls  are  similar.  The  non-isotropic  wall  significantly 
suppresses  both  the  primary  and  secondary  instability  growth. 

Since  the  non-isotropic  wall  proved  promising  with  the  selected  parameters 
we  focus  further  on  this  case.  In  Figure  6.14  the  amplification  of  the  primary  and 
secondary  instabilities  over  the  rigid  wall  with  parameters  unchanged  is  compared 
with  the  non-isotropic  wall  with  various  initial  secondary  amplitudes  ( B0 ).  Even 
though  B0  has  increased  by  a  factor  of  5,  the  secondary  instability  has  not  over¬ 
taken  the  primary  growth.  This  increased  amplitude  of  the  secondary  instability 
is  still  suppressed  compared  to  the  lower  amplitude  rigid  wall  case. 

The  behavior  of  the  secondary  instability  is  critically  dependent  on  the  pa¬ 
rameters  of  the  basic  flow,  for  example,  the  amplitude  of  the  primary  instability. 
Figure  6.15  shows  the  amplification  of  the  primary  and  secondary  instabilities 
over  the  rigid  wall  with  properties  as 
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Figure  6.13  Amplitude  growth  with  Reynolds  number  of  the  subharmonic  mode 
(B)  of  a  two-dimensional  primary  wave  (A)  at  Fr  ~  53,  A0  =  0.004,  Ba  = 

1  x  10"5,  and  6  =  0.15  over  a  — ,  rigid  wall; - ,  isotropic  wall;  and  -  •  -, 

non-isotropic  wall. 
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Figure  6.14  Amplitude  growth  with  Reynolds  number  of  the  subharmonic  mode 
(B)  of  a  two-dimensional  primary  wave  (A)  at  Fr  ~  53,  A0  =  0.004,  and  b  -  0.15 

uVer  a - 1  rigid  wail  and - ,  non-isotropic  wall  with  B0  : - .lx  10-5 ; - . 
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before  and  the  non-isotropic  wall  with  Aa  =  0.004  and  A0  =  0.008.  Even  by 
doubling  the  amplitude  of  the  disturbance  over  the  non-isotropic  wall,  the  growth 
of  the  secondary  instabilities  is  considerably  suppressed  and  has  not  exceeded  the 
primary  amplitude  upon  crossing  branch  II  of  the  neutral  curve. 

It  is  difficult  to  visualize  the  nature  of  the  three-dimensional  secondary  in¬ 
stability.  An  attempt  has  been  made  through  the  use  of  vector  plots  for  the 
V3,u>3  velocities  and  the  velocity  profiles  in  the  spanwise  plane.  In  Figures 
6.16-17,  velocities  are  shown  for  the  rigid  wall;  in  Figures  6.18-19,  velocities  are 
shown  for  the  isotropic  wall;  and  in  Figures  6.20-21,  velocities  are  shown  for  the 
non-isotropic  wall.  It  would  be  very  difficult  to  make  exact  parameter  specifica¬ 
tions  for  the  respective  walls  at  a  fixed  Reynolds  number.  Instead,  emphasis  is 
placed  on  showing  the  development  of  the  secondary  instability  over  each  wall. 
The  Reynolds  numbers  at  the  upper  branch  of  the  neutral  curves  are  chosen  with 
a  normalized  secondary  instability  that  was  derived  from  the  en  calculations.  A 
second  Reynolds  number  was  chosen  at  an  incremental  step  prior  to  branch  II. 
Graphically,  little  difference  occurs  between  the  isotropic  and  rigid  wall  results 
as  we  might  expect.  At  the  lower  Reynolds  number  the  velocity  magnitudes  are 
extremely  small  compared  with  the  downstream  velocities.  This  is  because  of  the 
strong  convective  growth  of  the  secondary  instability  over  only  a  few  TSI  wave¬ 
lengths.  The  growth  of  the  secondary  disturbance  over  the  non-isotropic  wall  is 
much  slower  which  is  evident  in  the  en  calculations  and  shown  in  Figures  6.20-21. 
In  comparing  the  structure  of  the  disturbance,  regions  of  high  speed  up-flow  and 
slower  down-flow  are  found.  This  agrees  with  experimental  observations. 

Finally,  we  look  briefly  at  the  modal  classification  of  the  secondary  instabil¬ 
ities.  In  the  primary  compliant  wall  problem,  three  general  classes  of  instability 
can  occur  over,  or  as  a  result  of,  the  compliant  wall.  The  dominant  mode  which 


Figure  6.16  Velocity  distribution  of  the  subharmonic  mode  of  a  two-dimensional 
primary  wave  over  a  rigid  wall  at  Rs.  =  1771,  A  =  0.18,  6  =  0.15,  and  B  =  0.0015 
for  a-t/3  velocity  profiles  and  b-(i>3,u>3)  velocity  vectors  versus  spanwise  position. 
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Figure  6.19  Velocity  distribution  of  the  subharmonic  mode  of  a  two-dimensional 
primary  wave  over  a  isotropic  wall  at  =  1860,  A  =  0.15,  b  =  0.15,  and  B  =  1.0 
for  a-U3  velocity  profiles  and  b-(u3,u;3)  velocity  vectors  versu.  span  wise  position. 
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Figure  6.21  Velocity  distribution  of  the  subharmonic  mode  of  a  two-dimensional 
primary  wave  over  a  non-isotropic  wall  at  Rs-  =  1659,  A  =  0.09,  b  =  0.15,  and 


B  =  1.0  for  a-uj  velocity  profiles  and  b-{vi,ws)  velocity  vectors  versus  spanwise 


position. 
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is  used  for  the  secondary  instability  analysis  is  the  Class  A-TSI  wave.  This  class 
is  destabilized  by  the  introduction  of  damping  in  the  wall.  As  an  exercise  to 
verify  that  the  secondary  instabilities  behave  in  a  similar  fashion,  wall  damping 
is  introduced  and  defined  by 


E  =  E{  1-ivs)  6.3.2 

and 

K  =  K(  1  —  it]k)  6.3.3 

where  tje  and  tjk  regulate  the  amount  of  damping.  For  the  non-isotropic  wall 
the  primary  and  secondary  instability  growth  rates  are  a;  =  —0.003138  and 
aT  —  0.00206,  respectively,  for  Rs>  =  2240,  A  =  0.01,  /?  =  0.5,  and  Ft  ~  24.5. 
Adding  tie  =  =  0  05  as  dissipation,  the  resulting  growth  rates  become 

а,  =  —0.004757  and  ar  =  0.00220.  The  secondary  instability  is  destabilized 
by  wall  damping.  It  appears  that  the  secondary  instabilities  are  less  sensitive 
to  wall  damping  compared  to  primary  instabilities.  It  is  interesting  to  note  that 
the  secondary  instability  does  not  sense  the  local  growth  rate  of  the  primary 
instability.  Yet,  the  secondary  disturbance  is  destabilized  by  wall  dissipation. 

б. 4  Results  for  3D  Primary  Waves 

We  discovered  in  the  previous  chapter  that  oblique  primary  waves  have  larger 
growth  rates  than  two-dimensional  waves.  In  this  section,  we  introduce  the  domi¬ 
nant  three-dimensional  primary  wave  to  determine  how  the  secondary  instabilities 
react  to  the  now  three-dimensional  basic  flow. 

The  secondary  instability  problem  is  different  for  a  three-dimensional  basic 
flow.  The  symmetry  of  the  problem  is  lost.  This  asymmetry  occurs  as  a  result  of 
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terms  arising  from  the  spanwise  basic  flow.  This  occurs  irrespective  of  whether 
we  solve  the  system  in  the  ( x,z )  or  ( x',z ')  coordinate  reference  frame.  So  we 
can  place  no  expectations  on  the  eigenvalues.  In  fact  we  expect  not  to  obtain 
real  and  complex  conjugate  solutions.  Additionally,  since  the  basic  flow  is  three- 
dimensional  the  results  obtained  for  +0  should  be  different  than  those  obtained 
for  —0.  We  find  that  the  eigenvalues  obtained  with  +0  are  complex  conjugates 
of  those  obtained  with  —0. 

In  a  similar  manner  to  the  two-dimensional  primary  instability  case,  aspects 
of  the  secondary  eigenvalue  spectrum  for  three-dimensional  primary  instabilities  is 
examined.  In  Figure  6.22,  the  eigenvalue  spectrum  of  a  two-dimensional  primary 
wave  (o)  is  shown  with  a  three-dimensional  wave  (x)  propagating  at  a  wave  angle 
of  <f>  =  10°.  The  spectrum  of  the  three-dimensional  wave  has  shifted  in  the 
positive  <j{  direction  as  shown.  Also  the  growth  rate  of  the  dominant  mode  is 
reduced  slightly  for  the  three-dimensional  primary  wave.  The  spectrum  over  the 
non-isotropic  wall  for  three-dimensional  primary  waves  is  shown  in  Figure  6.23. 
Discrete  modes  are  identified  of  which  only  three  are  unstable.  In  Figure  6.24,  the 
spectrum  from  a  two-dimensional  primary  wave(o)  is  compared  with  the  three- 
dimensional  primary  wave(x)  results.  A  similar  shift  occurs  in  the  spectrum 
for  three-dimensional  waves  over  the  compliant  wall  as  was  shown  for  the  rigid 
wall.  In  Figure  6.25  the  spectrum  over  the  rigid  wall  is  compared  with  the  non- 
isotropic  wall  results.  Similar  to  the  two-dimensional  instability  comparison,  the 
rigid  w'all  yields  the  greater  grow'th  rates  of  the  secondary  disturbance  compared 
to  the  compliant  walls.  In  Figure  6.26  the  non-isotropic  wall  is  replaced  with  the 
isotropic  wall.  Figure  6.27  shows  the  comparison  of  the  spectrum  for  two-  and 
three-dimensional  primary  waves  over  an  isotropic  wall.  A  shift  in  the  eigenvalue 
spectrum  occurs  as  we  might  expect.  Figure  6.28  is  the  comparison  of  rigid  and 
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Figure  6.22  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  two-  and  three-dimensional  primary  waves  over  a  rigid  wall  with  =  2240, 
Fr  ~  24.5,  A  =  0.01,  and  (5  —  0.2.  (o,  2D  and  x,  3D  at  4>  =  10°) 
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Figure  6.23  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  three-dimensional  primary  wave  at  4>  =  10°  over  a  non-isotropic  wall  with 
Rs.  =  2240,  Fr  ~  24.5,  A  =  0.01,  and  0  =  0.2.  (o,  N=40  and  x,  N=45) 
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Figure  6.24  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  two-  and  three-dimensional  primary  waves  over  a  non-isotropic  wall  with  Rf  = 
2240,  Fr  ~  24.5,  A  =  0.01,  and  0  =  0.2.  (o,  2D  and  x,  3D  at  4>  =  10°) 
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Figure  6.25  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  three-dimensional  primary  wave  at  4>  =  10°  over  a  o,  rigid  wall  and  x ,  non- 
isotropic  wall  with  Rf  =  2240,  Fr  ~  24.5,  A  =  0.01,  and  P  =  0.2. 


Figure  6.26  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  three-dimensional  primary  wave  at  <f>  =  10°  over  a  isotropic  wall  with  R$>  — 
2240,  Fr  ~  24.5,  A  =  0.01,  and  0  =  0.25.  (o,  N=40  and  x,  N=45) 


Figure  6.27  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  two-  and  three-dimensional  primary  waves  over  a  isotropic  wall  with  R$ .  = 
2240,  Ft  ~  29.0,  A  =  0.01,  and  0  =  0.25.  (o,  2D  and  x,  3D  at  <t>  =  10°) 


Figure  6.28  Real  versus  imaginary  temporal  eigenvalue  of  the  subharmonic  mode 
for  a  three-dimensional  primary  wave  at  <p  =  10°  over  a  o,  rigid  wall  and  x, 
isotropic  wall  with  Rf  =  2240,  Fr  ~  29.0,  A  =  0.01,  and  (3  =  0.25. 


isotropic  wall  results.  Similar  to  the  non-isotropic  wall  case,  the  rigid  wall  pro¬ 
duces  larger  growth  rates  compared  with  the  compliant  wall  results. 

From  Figure  5.9,  the  dominant  growth  rate  for  the  isotropic  wall  occurs  for 
a  wave  at  a  frequency  of  u  =  0.05  ( Fr  ~  22.3)  and  an  angle  of  50°.  From  Figure 
5.10,  the  dominant  growth  rate  for  the  non-isotropic  wall  is  shown  to  occur  for  a 
wave  with  frequency  u  =  0.04  (Fr  ~  17.9)  for  an  angle  of  60°.  To  show  further 
how  the  three-dimensional  primary  waves  influence  the  growth  rates  of  secondary 
disturbances,  the  growth  rates  of  the  subharmonic  disturbance  are  shown  for  two- 
and  three-dimensional  primary  waves  versus  spanwise  wavenumber  in  Figure  6.29. 
For  fixed  properties,  the  subharmonic  mode  arising  from  the  two-dimensional 
wave  has  the  greatest  growth  rates.  As  the  angle  of  wave  propagation  increases 
for  three-dimensional  waves,  the  growth  rates  continually  decrease.  For  the  three- 
dimensional  waves,  secondary  disturbances  no  longer  travel  synchronously  with 
the  primary  waves.  This  is  drawn  out  by  the  frequency  shift  shown  in  Figure 
6.30.  We  might  postulate  that  this  shift  leads  to  a  reduced  efficiency  of  energy 
transfer  from  the  basic  flow  to  the  secondary  disturbance.  In  Figures  6.31-32,  the 
non-isotropic  wall  is  replaced  by  the  isotropic  wall.  The  two-dimensional  wave 
has  the  dominant  secondary  growth  rates.  It  appears  from  the  frequency  shift 
plots,  that  this  shift  is  more  a  result  of  the  three-dimensional  nature  of  the  basic 
flow  instead  of  the  influence  of  the  compliant  wall. 

These  two-  and  three-dimensional  comparisons  are  somewhat  misleading 
since  the  amplitude  of  the  primary  waves  for  a  given  Reynolds  number  should 
be  different  for  each  case.  If  the  amplitudes  that  arise  from  the  en  calculations 
are  used  for  the  primary  disturbance  a  better  comparison  is  possible.  This  is 
shown  in  Figure  6.33  for  the  non-isotropic  wall  and  Figure  6.34  for  the  isotropic 
wall.  In  both  cases,  the  three-dimensional  primary  wave  leads  to  much  larger 


Figure  6.29  Growth  rates  of  the  subharmonic  disturbance  for  two-  and  three- 
dimensional  primary  waves  over  the  non-isotropic  wall  as  a  function  of  spanwise 
wavenumber  for  Re  =  2240,  Fr  ~  17.9,  and  A  =  0.01.  — ,  4>  =  0°;  •  •  •  ,<t>  =  10°; 
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Figure  6.30  Frequency  shift  of  the  subharmonic  disturbance  for  a  three- 
dimensional  primary  wave  over  the  non-isotropic  wall  as  a  function  of  spanwise 
wavenumber  for  =  2240,  Fr  ~  17.9,  and  A  =  0.01.  ••  •  ,4>  =  10°  and  , 


Figure  6.31  Growth  rates  of  the  subharmonic  disturbance  for  two-  and  three 
dimensional  primary  waves  over  the  isotropic  wall  as  a  function  of  spanwis* 
wavenumber  for  Rs .  =  2240,  Fr  ~  22.3,  and  A  =  0.01.  — ,  4>  =  0°;  •  •  • ,  <t>  =  10° 


Figure  6.32  Frequency  shift  of  the  subharmonic  disturbance  for  a  three- 
dimensional  primary  wave  over  the  isotropic  wall  as  a  function  of  spanwise 
wavenumber  for  Rf  =  2240,  Fr  ~  22.3,  and  A  =  0.01.  •••,$  =  10°  and 


Figure  6.33  Growth  rates  of  the  subharmonic  disturbance  for  two-  and  three- 
dimensional  primary  waves  over  the  non-isotropic  wall  as  a  function  of  spanwise 
wavenumber  for  Rf  =  2288  and  Fr  ~  21.0  for  — ,  4>  =  0°  with  A  =  0.007  and 


Figure  6.34  Growth  rates  of  the  subharmonic  disturbance  for  two-  and  three- 
dimensional  primary  waves  over  the  isotropic  wall  as  a  function  of  spanwise 
w’avenumber  for  Rf  =  1760  and  Ft  ~  30.2  for  ,  <fi  =  0  with  A  —  0.010 
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growth  rates  yet  they  are  reduced  significantly  compared  to  the  rigid  wall  case 
which  is  predicted  to  have  already  undergone  transition. 

From  the  en  calculations  in  the  primary  instability  analysis,  it  is  clear  that 
as  the  wave  frequency  decreases,  the  difference  in  amplitude  between  two-  and 
three-dimensional  TSI  increases.  Also,  as  this  occurs,  the  dominant  secondary  in¬ 
stability  arises  from  the  three-dimensional  primary  wave  as  a  result  of  its  increased 
amplitude  (A).  Thus  three-dimensional  primary  waves  lead  to  the  dominant  sec¬ 
ondary  disturbance  in  spite  of  the  loss  of  synchronization  with  the  basic  flow.  But 
in  order  to  identify  the  global  effect  of  three-dimensional  primary  waves  at  higher 
frequencies,  an  en  calculation  has  been  carried  out  for  a  wave  at  Ft  ~  53.  Primary 
and  secondary  amplitudes  versus  Reynolds  number  are  shown  in  Figure  6.35  for 
the  rigid  wall  and  non-isotropic  wall.  Only  a  relatively  mild  increase  in  amplitude 
occurs  for  both  disturbances.  As  waves  with  lower  frequencies  are  examined,  the 
dominance  of  the  three-dimensional  instabilities  becomes  more  pronounced.  Yet, 
as  we  have  already  discussed,  the  rigid  wall  has  already  undergone  transitioned. 

This  completes  our  presentation  of  results  for  the  secondary  instability  anal¬ 
ysis.  It  is  found  that  three-dimensional  primary  waves  lead  to  the  dominant 
secondary  instability  over  the  compliant  walls  considered.  This  occurs  only  when 
the  amplitude  of  the  three-dimensional  primary  wave  is  much  larger  than  the 
amplitude  of  the  two-dimensional  primary  wave.  The  most  important  discovery 
of  this  study  is  that  by  using  an  appropriate  compliant  wall,  the  growth  of  the 
secondary  instability  can  be  suppressed.  Further  conclusions  are  drawn  for  both 
the  primary  and  secondary  analysis  in  the  next,  and  final,  chapter. 
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Figure  6.35  Amplitude  growth  with  Reynolds  number  of  the  subharmonic  mode 
(B)  of  a  two-  and  three-dimensional  primary  wave  (A)  at  Fr  ~  53,  B0  =  1  x  10~5, 

A0  =  0.004,  and  b  =  0.15  over  a  — ,  rigid  wall - ,  2D  non-isotropic  wall;  and 

•  •  •,  3D  non-isotropic  wall. 
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CHAPTER  7 

CONCLUSIONS  AND  RECOMMENDATIONS 

7.1  Conclusions 

Previous  studies  involving  compliant  walls  have  focused  on  two-dimensional 
linear,  or  primary,  instability  analyses.  The  present  thesis  has  considered  the 
effect  of  compliant  walls  on  three-dimensional  primary  instabilities  in  boundary 
layer  transition.  Additionally,  the  second  stage  of  transition  where  secondary 
instabilities  arise  and  lead  to  nonlinear  breakdown  to  turbulence  is  examined. 
We  have  shown  that  three-dimensional  primary  instabilities  dominate  transition 
over  the  compliant  walls  considered;  yet,  transition  delays  occur  compared  to 
the  rigid  wall  case.  Further,  it  is  demonstrated  that  the  compliant  w’alls  can 
significantly  suppress  the  growth  of  the  secondary  instabilities. 

From  the  primary  instability  analysis,  the  three-dimensional  Tollmien- 
Schlichting  waves  were  shown  to  be  dominant.  The  waves  enter  the  unstable 
region  at  their  most  unstable  three-dimensional  state.  As  they  travel  downstream 
the  angle  of  wave  propagation  becomes  more  two-dimensional.  It  has  been  shown 
that  for  the  fixed  Reynolds  number  at  which  the  walls  were  optimized,  the  oblique 
modes  dominate  and  reach  maximum  growth  rates  at  angles  of  wave  propagation 
of  40°-60°  from  the  streamwise  direction. 

The  Cebeci-Stewartson  method  of  extending  en-type  calculations  to  three- 
dimensional  instabilities  has  been  used  in  the  present  analysis.  It  is  difficult 
to  assess  how  good  an  approximation  this  is  for  three-dimensional  disturbances 
over  compliant  walls.  The  local  results  show  that  the  dominant  disturbances 
often  propagate  at  angles  of  up  to  60°-70°  to  the  mainstream  direction  and  that  a 
narrower  band  of  frequencies  tend  to  be  unstable  for  oblique  waves.  Consequently 
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the  final  value  of  n  for  a  particular  frequency  is  critically  dependent  on  the  precise 
path  chosen  for  the  en  integration.  Therefore,  it  is  quite  possible  that  the  Cebeci- 
Stewartson  method  does  not  give  good  results  in  the  present  case.  This  matter 
will  only  be  resolved  by  carrying  out  a  study  of  the  development  of  disturbances 
from  a  pulsed  point  source  or  some  other  appropriately  formulated  initial-value 
problem. 

The  non-isotropic  wall  optimized  at  Rf  =  5000  indicated  the  greatest  po¬ 
tential  for  transition  delays  for  two-dimensional  Tollmien-Schlichting  waves.  Yet, 
in  considering  three-dimensional  modes,  the  transition  delays  were  significantly 
reduced.  This  is  somewhat  puzzling.  Two  possible  explanations  come  to  mind. 
First,  as  we  have  just  discussed,  the  ^"-criterion  may  not  be  accurate  for  three- 
dimensional  modes.  Thus  anticipated  benefits  from  a  coating  are  not  realized  with 
this  approach.  Second,  the  optimization  of  each  coating  occurs  through  changing 
each  property  of  the  coating  until  a  pre-determined  criterion  is  reached.  Thus,  the 
walls  that  were  used  in  the  present  study  had  very  different  property  combina¬ 
tions.  In  comparing  the  results  for  the  9  =  60°(2240)  wall  with  the  9  =  60°(5000) 
wall,  we  find  that  the  wall  optimized  at  the  lower  Reynolds  number  leads  to  a 
greater  transition  delay  including  three-dimensional  instabilities.  A  possible  ex¬ 
planation  may  be  found  in  the  resistance  due  to  bending  stiffness  contributions. 
The  9  =  60° (2240)  wall  has  lower  bending  stiffness  than  the  9  =  60° (5000)  wall, 
so  an  increase  in  compliance  may  be  felt  by  the  three-dimensional  modes  leading 
to  greater  transition  delays. 

For  the  present  study,  the  worst  possible  scenario  was  used  in  order  to  provide 
a  conservative  estimate  of  the  compliant  wall  potential  for  transition  delays  for 
three-dimensional  instabilities.  However,  the  present  calculations  do  indicate  that 
three-dimensional  instabilities  are  critically  important  in  transition  over  compli- 
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ant  walls.  Finally,  oblique  Travelling- Wave  Flutter  and  Static-Divergence  insta¬ 
bilities  were  considered  and  were  found  to  remain  marginally  stable  for  all  walls 
studied.  So,  as  with  the  previous  two-dimensional  investigations,  the  Tollmien- 
Schlichting  instabilities  dominate  transition. 

For  the  secondary  instability  analysis,  a  limited  number  of  cases  were  consid¬ 
ered  for  a  set  of  parameters.  To  compare  the  rigid  wall  results  with  the  compliant 
wall  relatively  high  frequency  cases  had  to  be  chosen.  For  two-dimensional  pri¬ 
mary  instabilities  at  a  fixed  Reynolds  number,  both  isotropic  and  non-isotropic 
walls  lead  to  reduced  secondary  instability  growth  rates.  Negligible  changes  oc¬ 
cur  in  the  spanwise  wavenumber  to  capture  the  maximum  growth  rate  of  the 
three-dimensional  secondary  instability  over  the  compliant  walls.  For  en-criterion 
calculations,  the  non-isotropic  wall  suppressed  the  development  and  growth  of 
the  secondary  instability  while  the  isotropic  wall  yielded  similar  results  to  the 
rigid  wall  case.  These  calculations  identified  important  features  of  the  secondary 
instability  behavior.  For  the  frequency  used  in  the  calculations,  the  amplification 
of  the  primary  wave  over  the  isotropic  wall  was  similar  to  the  rigid  wall  results 
while  the  amplification  of  primary  waves  over  the  non-isotropic  wall  were  signifi¬ 
cantly  reduced.  So  as  a  preliminary  study  where  one  frequency  is  used,  we  may 
infer  that  a  suppression  of  the  primary  instability  leads  to  a  resulting  suppression 
of  the  three-dimensional  secondary  instability  growth.  This  leads  to  a  further 
delay  of  transition  in  the  later  stages  of  transition.  Even  by  doubling  the  primary 
amplitude  of  the  disturbance  over  the  non-isotropic  wall,  reduced  growth  rates 
are  observed  compared  with  the  results  for  the  rigid  wall.  The  illustrations  of 
the  three-dimensional  instability  show  that  the  effect  of  the  secondary  instability 
become  effective  when  the  primary  instability  approaches  branch  II  of  the  neutral 
curve.  Results  of  this  sort  suggest  that  the  isotropic  wall  would  not  be  effective 
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in  delaying  transition.  This  is  somewhat  misleading  since  for  the  frequency  used, 
the  primary  instability  behavior  over  the  isotropic  wall  is  similar  to  the  rigid  wall 
case.  As  the  primary  instability  analysis  revealed,  the  advantages  of  the  compliant 
walls  become  more  pronounced  at  lower  frequencies. 

For  the  secondary  instability  arising  from  a  three-dimensional  primary  wave, 
the  physical  phenomenon  changes  compared  to  the  two-dimensional  wave.  For 
oblique  waves,  the  basic  flow  is  no  longer  symmetric  and  the  spanwise  induced 
flow  causes  a  phase  shifting  of  the  secondary  disturbance.  The  secondary  distur¬ 
bance  no  longer  travels  synchronously  with  the  primary  instability.  As  the  angle 
of  wave  propagation  increases,  the  frequency  of  the  shift  between  the  disturbances 
increases.  Thus,  the  efficient  energy  exchange  between  two-dimensional  primary 
and  secondary  disturbances  is  lost  and  a  less  efficient  means  is  established  for 
oblique  waves.  Locally,  the  two-dimensional  primary  waves  lead  to  the  largest 
growth  rates  for  secondary  instabilities.  However,  this  comparison  is  misleading 
globally  since  the  secondary  theory  neglects  the  local  growth  rate  of  the  primary 
wave.  From  the  initial  primary  stability  analysis,  we  would  expect  that  the  two- 
and  three-dimensional  waves  would  not  have  the  same  wave  amplitudes.  When  ac¬ 
count  is  taken  of  the  amplitude  difference  between  the  two-  and  three-dimensional 
waves,  secondary  instability  growth  rates  arising  from  three-dimensional  waves 
dominate  for  the  compliant  walls  used.  Yet  for  these  comparisons,  the  rigid  wall 
flow  has  undergone  transition  to  turbulence. 

In  summary,  we  have  the  following  unique  results  to  contribute  to  the  tech¬ 
nology  of  compliant  walls. 

I.  Primary  instabilities  (linear) 

(i)  Three-dimensional  instabilities  dominate  transition  over  compliant  walls. 
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(ii)  Delays  of  transition  to  turbulence  are  theoretically  predicted  using  compliant 
walls. 

(iii)  Low  frequency  waves  are  highly  three-dimensional  while  high  frequency  waves 
are  predominantly  two-dimensional. 

(iv)  Orthotropic  plates  are  less  sensitive  to  three-dimensional  disturbances  com¬ 
pared  with  isotropic  plates. 

(v)  Non-isotropic  walls  are  less  sensitive  to  three-dimensional  disturbances  than 
isotropic  walls. 

II.  Secondary  instabilities 

(i)  Compliant  walls  can  lead  to  reduced  growth  rates  of  secondary  instabilities 
compared  with  the  rigid  wall  case. 

(ii)  Three-dimensional  primary  waves  lead  to  dominant  secondary  instabilities 
when  the  amplitude  of  the  wave  is  larger  than  a  similar  two-dimensional 
primary  wave. 

(iii)  Suppression  of  primary  instability  growth  leads  to  a  resulting  suppression  of 
secondary  instability  growth. 

7.2  Recommendations  for  Future  Studies 

The  present  analysis  has  considered  three-dimensional  primary  and  secondary 
instabilities  over  compliant  walls.  The  results  of  this  study  provide  a  guide¬ 
line  for  future  studies  involving  transition  over  compliant  walls.  Namely,  three- 
dimensional  disturbances  should  be  of  concern.  A  number  of  future  theoretical 
and  experimental  challenges  present  themselves.  A  brief  list  of  suggestions  follow. 

(i)  No  proven  transition  criterion  for  three-dimensional  disturbances  exist;  there¬ 
fore,  work  toward  this  end  should  progress. 
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(ii)  In  the  present  study,  a  path  for  three-dimensional  disturbances  had  to  be 
assumed.  A  point  source  calculation  would  be  useful  to  determine  how  dis¬ 
turbances  propagate  over  compliant  walls. 

(iii)  Since  three-dimensional  disturbances  were  shown  to  dominate  transition  over 
compliant  walls,  wall  properties  should  be  chosen  to  achieve  some  predeter¬ 
mined  optimal  conditions  for  these  modes. 

(iv)  A  study  of  how  sensitive  the  secondary  instability  growth  rates  are  to  changes 
in  the  wall  properties  may  be  undertaken.  This  may  be  performed  in  a 
manner  similar  to  the  primary  analysis  by  Joslin  (1987). 

(v)  A  turbulent  boundary  layer  may  be  studied  to  determine  if  the  near-wall 
structure  can  be  manipulated  using  compliant  walls.  The  compliant  wall 
properties  can  be  optimized  for  some  desired  condition.  A  proposed  formu¬ 
lation  for  the  turbulent  boundary  layer  problem  is  given  in  Appendix  E. 

(vi)  Experiments  are  needed  to  verify  the  present  results  and  previous  theoretical 
studies.  The  results  of  Willis  (1986)  indicate  that  theory  and  experiments 
agree  in  that  reduced  amplifications  of  disturbances  can  occur  through  the 
use  of  wall  compliance.  He  used  a  foil-gage  aft  of  the  test  section  to  measure 
disturbance  response.  Interference  with  the  wall  motion  can  arise  through 
using  surface  mounted  techniques.  Future  experiments  could  be  performed 
using  a  non-intrusive  means  such  as  Laser  Doppler  Velocimetry.  Tracking 
instability  growth  as  it  propagates  downstream  is  of  importance.  Addition¬ 
ally,  experiments  similar  to  Kachanov  et  al.  (1984)  should  be  undertaken  to 
compare  results  for  secondary  instabilities  over  rigid  and  compliant  walls. 

(vii)  In  the  past,  difficulties  have  prevented  the  manufacturing  of  coatings  with 
specified  wall  properties.  This  technology  is  currently  maturing.  Another 
problem  exists  with  realizable  coatings.  Coating  deterioration  with  time 
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has  plagued  these  coatings  making  them  unreliable.  This  concern  should  be 
addressed 

There  is  a  wealth  of  information  that  can  be  obtained  from  solving  these 
problems.  This  list  is  far  from  complete,  but  I  hope  it  provides  a  stimulus  to  the 
reader  for  further  research  in  the  use  of  compliant  wadis. 
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APPENDIX  A 

SECONDARY  INSTABILITY  EQUATIONS 
A.l  Introduction 

In  Chapter  2,  the  dynamic  equations  for  secondary  instabilities  in  a  transi¬ 
tional  boundary  layer  were  derived  but  not  listed.  In  this  section  the  derivation  is 
given  again  briefly  along  with  the  final  listing  of  the  equations  for  the  subharmonic 
and  fundamental  modes  of  secondary  instability. 

A. 2  Derivation  of  Equations 

We  consider  an  incompressible  flow  that  is  governed  by  the  Navier-Stokes 
equations  (2.2. 1-2)  with  appropriate  boundary  conditions.  We  consider  a  Basic 
flow  V2  =  (u2,u2l tu2)  subject  to  three-dimensional  disturbances  V3  =  (113^3,103) 
which  are  termed  secondary  instabilities.  The  instantaneous  velocity  components 


are  given  as 

u (x,y,z,t)  =  u2(x,y,zj)  +  Buz( x,y,  z,t)  A. la 

v(i,y,  :>t)  =  v2(x,y,  z,t)  +  B z,t)  A.lb 

w{x,y,z,t)  -  nj2(x,y,  z,t)  +  Bu'3(x,y,  z,t)  A.l c 

p{x,y,z,t)  =  p2{x,y,z,t)  +  Bp3(x,y ,  z,t)  A. Id 

and  the  basic  flow  is  given  as 

u2(x,y,z,t)  =  U„(y)  +  Au^x^y^zj)  A.  2a 

v2(x,y,z,t)  =  Av){x,y,z,t)  A.2b 

u)2(i,y,  z,i)  =  'U„(y)  +  Au)]  (x,  y,  z,t)  A.2c 
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P2(x,y,z,t)  =  Api{x,y,z,t)  A.2d 

The  equations  to  determine  the  primary  wave  solution  (u}  ,vi  ,W})  are  given  in 
Chapter  2  and  ( U0,W0 )  is  the  Blasius  velocity  profile.  If  we  transform  to  a 
coordinate  reference  frame  moving  with  the  wave,  we  have 

vi(x,y,  z)  =  v\{x,y,  z)  =  Vi(x  +  \x,y,z  +  \z)  A. 3 

where  ( x,z )  is  the  fixed  laboratory  reference  frame  and  (x,z)  is  the  reference 
frame  moving  with  the  primary  wave. 

This  theory  assumes  that  the  primary  wave  is  governed  by  a  linear  system  of 
equations.  With  the  shape  assumption,  the  normal  velocity  of  the  primary  wave 
is  given  by 

vi(x,y,z)  =  v1(y)eia'{90*++**t+)  +  v_j  (y)e ~‘a'(x ros  *+zslD  AA 

where  uj  =  t’lj  and  *  denotes  the  complex  conjugate,  nj  is  an  eigenfunction  of 
the  Orr-Sommerfeld  and  Squire’s  equations. 

The  instantaneous  velocities  are  substituted  into  the  Navier-Stokes  equations 
and  linearized  on  the  secondary  amplitude,  B.  This  yields  the  nondimensional 
equations  for  v3 

d  1  , 

—  vz  +  (t'2  •  V)v3  +  (v3  ■  V)v2  =  -Apz  +  s~Vlvz  A. 5 

at  Ks 

The  corresponding  vorticity  equations  eliminate  the  pressure  and  are  given  by 

-  —  1  O3  -  (l>2  •  -  (vz  ■  +  (^2  •  ^ )v3  +  (f I3  •  V)F2  =  0  .4.6 

L/tj  at  -I 

Also  the  continuity  equation  is  given  by 


V  •  v3  =  0 


A.  7 
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As  with  the  primary  problem,  we  seek  to  form  the  equations  in  terms  of  the 
normal  velocity  and  vorticity.  The  streamwise,  normal,  and  spanwise  vorticities 
are  introduced. 

dw  dv  du  dw  dv  du 

dy  dz  ~  dz  dx  Pv  ~  ~dx  ~  ~dy 

Only  normal  vorticity  terms  will  remain  when  the  analysis  is  complete. 

We  already  have  one  equation  by  substituting  the  basic  flow  v2  into  (A.6). 
This  gives 


dt  {U°  °x)dx  (W°  ~  ^ dJn 


dU0  dv3 
dy  dz 


+  a{-(v1.  v)n3  -  {vi  ■  v)n,  +  (fl  + 

k  dz  ox 

+  q  dv3  +  ,  _  d»i  dv3  _  dvi  du$  dv\  dw3 

dy  1  dx  dz  dz  dy  dx  dy 


dW0  dv3 
dy  dx 


A.  8 


The  other  equation  is  found  by  taking  d/dz  (streamwise  vorticity)-3/3x(spanwise 
vorticity).  This  results  in  the  remaining  equation  describing  the  dynamical  sys¬ 
tem. 


^y2  dt  {u°  Cx)d^~  iw°~  Cz)j:^2v3  + 


d2U0  dv3  d2W0  dv 


+ 


dy 2  dx  dy2  dz 


+  A{  [-(*,.  V)V*-_V*^-(^i  + 


d  _o  ,d2u\  d2uj  d2u j  nd2v\ 


dx 2 


+ 


d2 


vj 


d2 


'  dz2 
d7  t’j 


dx 2 


V]  d2v-[  d2u ]  4  d 


dy2  dxdy  '  dy 
du-i  .  .  d2  d2 


dz2 
d2W] 
dy2 
d2 


dy2 
d2w\ 
dx2 
dv] 


+  2 


+ 


d  dv ]  Ou  ]  v  O1-  dL 

dydz  dz  dy  dx  ^  dz2  dx2  dy2  ^  ^  dx  dxdy 

dwj  ^  d2 

^  _  r\  r\  ool  ?’3 


)± 

dxdy  dx 

d2U] 

dxdz 

d2 


,  du  i 

-  2  — - 

dz 


dv\  d2 

dx  '  dxdz  dz  dydz 

+  [-_,VS)  +  2(_ 


d2v-[  ^  d2 vj  (  r)d2u]  ^  d  ^,d2r 
dx2  +  dy2  +  ^  dxdy  dx  +  ^  dxdy 


VJ  l 
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d2vi  5  dv\  d2  5 2  d2  5ii]  2^Ul  \  ^ 

dxdz  dz  dx  dx 2  dz 2  dy2  dy  dx  dxdy 

dw]  d2  5vj  5 2  -I 
qx  Qydz  5z  5x52  3 

+  [_JL(v2  \  2f  ^Ul  1  ^  ^  \ 

dz  1  dydz  dxdz  dx  dz  dx 2  5y2 

5u  ]  52  ,  "I 

+2ar3^W  =  0  A-9 

To  solve  the  secondary  problem  we  seek  an  appropriate  normal  mode  repre¬ 
sentation.  As  noted  in  Chapter  3,  we  wish  to  keep  the  form  of  solution  general, 
so  with  respect  to  the  secondary  instability  we  define 


_  _  5  - -3  _  52  52 

Qn  ~  dx '  Pn~  dz'  n  '  dx2  +  dz2 

eN  _  »(n/2)af  (zcos  ^+zsin^)  _  ei(n/2)ar  x‘ 


A. 10a 


A. 106 


eAf  _  gima,  (i  cos  ^+z  sin  _  ^ima,  x1 


A.IOc 


By  substituting  (A. 5)  w-here  m  =  ±1  as  the  general  exponential  superscript  and 
(A. 10)  into  (A. 8-9),  the  equations  in  normal  modes  result.  These  are  given  as 


{-n:+[-An  —  fl-  —  (U0  —  cx)an  -  ( W0  -  cz)0n]n n  +  ( W'0an  -  U'o0n)vn}eN 
+  A{  [-1  -  i ma  sin<t>^- —  ima  cos  vm&'n  +  [(— a« 

2  2  x  •  j.  @n  2  2  Q»  \  ,  /,  ,  •  ,  an  \  t 

+  m  a  coscpsmcp - m  a  - )um  +  (1  +  ima  cos <p— —  )vm 

An  An  An 

~(0n  +  m2a 2  cos2  4>^L)wm\  Cln  +  lima  sin  4>~r~ 

An  J  l  A„ 

—  ima  cos  <t>— — 1  vmv'  +  [(  —  m2a2  cos  <£sin  <f> — - —  m2a2  -^-2- 

AnJ  L  An  An 

lima  sin  <J>)um  +  ima  cos  <p-~v'm  +  (m2a2  cos2  A 

—  ima  cos  <£)u;mj  —  [ima  sin  <t>u'm  —  ima  cos  <£u’|„ 


-On  ^!n  + 


/?num  *>»}< 


M+N  _ 
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and 

{1  r  2 

—  a  —  (U0  -  cz)an  -  (WQ  -  c2)/Jnj t>"  +  A2  -  <rAn 
-(U0-cx)an An  -  (IV.  -  c2)pn An  +  U^an  + 

+A{_  f'r:Lzrnacos^+  1  +  -  f(-^-4z'ma cos<£an 

An  J  L  An 

+  a„  -  2ima  cos  4>  +  ^-2ima  sin  <pan)um  +  (— 2an  -  l)u^ 

+  {^-2ima  cos  4>Pn  +  Pn)i nm]t)"  4-  f--^-{(im3a3  cos  <j> 

J  L  An 

+  2m2a2  cos  2(^>an  +  2 m2a2  cos  <£sin  0/?n  -  zma  cos  0An 
+  zma  szn  <t>anPn)vTn  —  (ima  cos  $  —  2an)z;^  +  4 ima  cos  <t>aTlu'm 
+  2ima  cos  <t>/3nw'm}  -  (A*  -  m2a2  cos2<^  +  2imacos<pan 
+  ima  sin  4>Pn)vm  +  t?^  +  2imacos<pu'm  —  ^L{ima  sin  ^(m2ct2 
-2ima  cos  4>an  -  a2)t>m  -  ima  sin  +  2ima  sin  4>anum]^vn 
+  [(-QnA„  +  m2a2an  —  m2a2  sin  $cos  <j>Pn  +  2 ima  cos  <£(/^  —  a2 ) 

—  2ima  sin  <£an/?n)um  +  (m2a2  —  2ima  cos  <j)an  —  ima  sin  4>f3n 

+  ^n  “  «n)Vm  +  “»“!  ~  (£«A„  ~  m2Q2  COS2  <fi0n 

+2imacos<j>anpn)wm  -  t>“  +  pnw'^vn  +  [A-ima  cos 

sin  +  [-^-(2a„nin  +  4ima  cos  <panum 

J  LAn 

+  2ima  cos  <t>Pnwm)  -  ^-(2ima  sin  (^Q7lnm)ln|,  +  [-^-{(z'm’a3  cos 

J  LAn 

+  2m2o2  cos  2<t>an  +  2 m2a2  cos  0  sin  <£/?„  -  ima  cos^An 

+  imQ  sin  <panPn)vm  -  (ima  cos  2an)t>^  +  4z'ma  cos  <t>anu'm 

+  2zmacosd>/3nu;^}  -  — ^{z'ma  sin  0(m2a2  -  2z ma  cos  <£an  -a2)t’m 

An 

-zmasin(£v^  +  2zmasin<£a„n|n}jn„}eAr+M  =0  ,4.12 


This  gives  the  form  of  equations  for  both  the  subharmonic  and  fundamental 
modes.  Using  only  the  first  few  terms  or 

Subharmonic:  m  =  ±l,n  =  ±1 

Fundamental:  m  =  ±l,n  =  0,  ±2 


This  completes  the  formation  of  the  equations  of  motion  for  the  three- 
dimensional  secondary  instabilities  in  a  transitional  boundary  layer.  In  the  next 
sections,  listings  of  the  equations  for  the  subharmonic  and  fundamental  modes  of 
secondary  instabilities  will  be  given  with  W0  =  W'  =  W"  =  0 


A. 3  Subharmonic  Equations 


The  subharmonic  mode  is  represented  by  m  =  ±1  and  n  =  ±1.  Substituting 
into  (A. 11-12)  we  find 

Equation  1  and  2:  normal  vorticitv,  n  =  ±1 

— +  |^— A±i  -  o  -  (U0  -  cx)a±]  +  jfl±]  -UgP± ,i)±i 
+  a{  [-1  ^  ia  sin  4>~^~  ^  ia  cos  fi'j  -f 

+  a2  cos  <psin  <t>~- - —  o2-^-  )u±\  +  (1  ±  ia  cos  4>-^]  )v'±: 

+  (-/?Ti  -  a2  cos2  <f>^~)w±A  Cl^i  ±  [ia  sin 

Ati  J  L  /A  -r  1 


1  „H  f /  2  ,  •  ,  aTl  2 

—  iacos<p - +  (-Q  cos^sm?) - a  — x— 

A-n  J  L  A^i  A^i 


±ia  sin  <t>)uj-i  ±  ia  cos <t>  +  (a2  cos2  <£> — — 

Atj 

^fia  cos  +  [^ia  sin  d>u'±J  ±  ia  cos 

+  aTlu,±l  ~  1  U±1  ]  *^1  }  =  0 


A. 13  -  14 


where  equation  (A. 13)  is  given  with  the  upper  signs  and  equation  (A. 14) 
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with  the  lower  signs.  The  same  convention  holds  throughout,  except  for 
the  zero  mode  equations  where  the  upper  and  lower  sign  terms  are  summed. 
Equation  3  and  4:  normal  velocity,  n  =  ±1 


^  r  2 

—  <y  —  ( Ua  —  Cj.  )a±j  +Cz/3±]j  +  |^— A±j  —  cr  A±i 

—  {U0  —  Cx)q±i  A±]  +  czp±i  A±i  +  U"a±i  jn±i 

+  ^{  [-F"—”20,  cos0  -  It  ~7~ia  sin<^lu±i  T  [(-^-4to  cos  <paT] 

ia^i  -  2iacos<£  +  ^^-2ia  sin  4>a^x  )u±l  ±  (^i-2aTi  -  l)v'±l 

At] 

+  (^^2iacos<t>0^  ±^i)to±i]tiJ,  +  [- -^^{(±ta3  cos <£ 

+  2a  cos  2(/>qti  +  2a  cos  <£sin  <t>0Ti  T  ta  cos  ^ATl 

±ia  sin  00^1  /3t1  )u±]  T  (to  cos  <t>  T  2qt)  )t’![j  ±  4m  cos 

±2ia  cos  <t>0^  w'±y  }  -  (Atj  -  a2  cos  2<j>  T  2ia  cos  </>aTl 

±zq  sin  0/3^1  )u±]  +  i>±j  ±  2ia  cos<t>u'±l  -  ~^-{±ia  sin  4>{a2 

A*] 

T2io  cos^q^i  —  q^j  )u±i  T  tor  sin  4>v±}  ±2zQsin0aT]  u±i }] 

+  [(-aT]AT)  +  o2aTJ  -a2sin0cos  <j>0Ti  ±  2ia  cos -  a2^  ) 
-f  2ia  sin  <^aT]  /?Tl  )u±]  +  (a2  t  2ia  cos  T  to  sin 
—  a^i  )v±i  +  qT]  u±]  —  (/3tj  AT]  —  a2  cos2  4>0^\ 

±2io  cos0qti/3t1  )to±i  -  u±j  + /?Ti»q±i]tVi  ±  [— ^-to  cos  <j> 


±2ia  cos<^qti/3t1  )to±i  -  d±j  +  tq±j]  i>Ti  ±  f-^-tocos<£ 

J  lAti 

---^  iosin^]  «*,«;,  +  j^Tl  (2q^i  t’^i  ±  4io  cos  ii±] 
±2iq  cos <^>/?Tl  rq±] )  T  ^^-(2ta sin u±]  )lf2'Tl  + 

A^i  J  LA^:] 

+  2g2  cos  2(t>o^i  +  2q2  cos  <£sin  <t>0^\  T  to  cos  <?!>Atj 

±ia  sin  4>a^i  0^  )v±]  T  (to  cos  4>  T  2aT]  )n±j  ±  4 ia  cos  <pa u'± 


ta J  cos  $ 
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±2 ia  cos  }  -  — - —  {±ia  sin  4>{ a2  T  2ia  cos  4>aT i  -  a^j  )t>±] 

Aii  r 


Tia  sin  <£u±i  ±  2ia  sin  4>a^\  u'±i  }j  |  =  0 


A.  15  -  16 


A. 4  Fundamental  Equations 


The  fundamental  mode  is  represented  by  m  =  ±1  and  n  =  ±2,0.  Substitut¬ 


ing  into  (A. 11-12)  we  find 


Equation  1  and  2:  normal  vorticitv.  n  =  ±2 


—  ^±2 +  [^^±2  —  <7  —  ( U0  —  C*)a±2  +  C2/?±2]^±2  —  U'o0±  iV±2 
+  a{  £-1  T  in  sin  <t>—  T  ia  cos^-^-j  u±]  il'0  +  |(-a0 


+az  cos  (f> sin  <j>—  -  a1 —  )u±i  +  (1  ±  ia  cos<j>—)v±l 
A0  A0  Ao 

-(/?„  +  a2  cos2  <t>^-)w±\]Cl0  ±  fia sin 4>~~ 

—  ia  cos  ^'r2']  u±i  v"  +  [(  —  n2  cos  4>  sin  4> —  a2 


,  •  ,,  .  ,h'ol  ,  /  2  2  ,  uo 

±ia  sin  <?>)ii±]  ±  ta  cos  <p— v±]  +  (a  cos  0— — 

IS0 

T ia  cos  <t>)w±i  j  +  [Tin  sin  <£t/±J  ±  ia  cos  <£u4] 

+  a0u.4i  -  0ou’±\  ]  ®o  }  =  0 


A. 17  -  18 
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Equation  3:  normal  vorticity,  n=0 


<r  (U0  cx)a0  +  cz(50]Cl0  -  U'o0ovo 
+  >l|  [— 1  T  ict  sin  =f  ia  cos  <t>-^ — j  u±i  Cl +  [(  —  a 


+q2  cos  </>sin  —  a2  )u±i  +  (1  ±  ia  cos <f>—  *-)v'±i 
AT2  AT2  At2 


—  (0^2  +  Q2  cos2  4>-^-2  )w±\  j  2  ±  [ia  sin  0 


0^2 

A^2 


j  ^:f2  1  .«  ,  [/  2  ,  .  ,  2  ^^2 

-20  cos  0— —  w±iVx2  +  (-<*  cos  0  sin  0 - o  —  — 

A^2  J  L  A^2  A^2 

O  |  n  A  ^ t  .  J] 

±2osin0)u±i  ±iacos^>— — — Vj.j  +  (a^  cos'*  <£ - 

AT2  AT2 

Tia  cos<j!))u;±]  j  v'^2  +  [^la  sin  ±  ia  cos 
+  qT2u;±1  ~  /?q:2  U±1  ]  ^F2  }  =  0 


,4.19 
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Equation  4  and  5:  normal  velocity,  n  =  j-2 

2  P  2 

R^2  +  iRA:t2  ~a~(Uo-  c*)°±2  +  czP±2]v±2  +  [1a|2  _  aA±z 
—  o  ~CX  )d:±2  A±2  +  C,z /?  ^_2  A  ±2  +  J  ^±2 

["^T- *a  cos<^  —  1  T  ~T~ia  sin^lu±i  ^’o"  ~  [(±-~4ia  cos  <f>a0 
tSo  J  *■  A0 

_  Q  7y 

+  a0  T  2ia  cos  cf>  ±  —2ia  sin  <j>a0)u±i  +  (  — 2a0  -  1)*4j 

A0 

+  (±^-2iaCOS^0  +  ~Po)W±l  1  v"  +  [— ■— -{(±IQ:3  cos  <f> 

2  2  2  - 
+2a  cos  <f>a0  +  2a  cos<f>sin4>P0  ^  iacos<pA0 

i.ia  sin  <j>a0P0)v±\  ^  (m  cos  <f>  ±  2a0)v±i  ±  4m  cos  <^o’0u!fcl 

±2m  cos  4>ft0w±i  }  +  (— A0  +  q2  cos  2(f)  ^  2m  cos  <f>a0 

?ias  in<f>Pa)v±1  +  v ±}  ±  2ia  cos  <f>u'±1  iF  —  {msin<^(a2 

Aa 

qF2iQ  cos  (f>a0  -  q„)u±i  ^  ia  sin  (f>v ±  2m  sin  <f)a0u'±l  }j  v'0 
+  [(-«<, A0  +  a2a0  -  a2  sin  0 cos  (j>P0  ±  2iacos^  -  a2) 

T2ia  sin  <)>a0P0)u±\  +  (a2  ^  2mcos0ao  :f  ia  sin  <f>Pa 

+  Po  ~  al)v±l  +  Oo“±l  -  (PoAo  -  °2  COS2  <PP0 

±2m cos <f>a0P0)w±i  —  v±j  +  P0w± jjt>0±  ^-^-iacos^ 

”  a~,q  s*n  $]  u+i  +  [^2"(2a0t;Ifcl  ±  4ta  cos<^q,,u±i 

A2ia  cos  4>P0w±i )  ^  2m  sin  <f>a0u±i  j  17^  +  £^-{(±m3  cos  <fi 
+  2a2  cos  2 $a0  +  2a2  cos  0  sin  <£/?„  ^  ia  cos<£A0 
±m  sin  <£a0/30)u±i  +  (^ia  cos  <f>  +  2a0)v!|:2  i  4iq  cos^QoU^j 
±2m  cos  <f>Paw'±i  }  -  ~{±iasin<f>(a2  T  2iacos<f>a0  -  a2)v±1 
T*a  sin^v^j  ±  2ia  sin  4>a0u'±]  }j  no|  =  0 


A. 20  -  21 
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Equation  6:  normal  velocity.  n=0 

11*°  +  [lA°  ~  a  ~  (U°~  c*)“o  +  C*Po ]fto  +  [jAl-  aA° 

-{U0-cx)a0  A0  +  cz(30  Ac  +  U"a0]v0 

+  -A{  *a  cos  4>  ~  1  T  sin  $]  n±]  v=2  -  f(±  — — 4zar  cos  <^012 

v  L  AT2  A^2  j  l  AT2 

— —  O'  -pQ 

+  qt  ^  2iacos<f>  ±  — — 2io  sin  0a^2  )u±]  +  (— A-2qT2  -  l)v±i 
AT2  AT2 

+  (±*7^"2iacos^T2  +  P^2 )w±i  1  +  [--^{(±m3  cos<£ 

A^2  j  l  AT2 

+  2q  cos  2<t>az?2  +  2o  cos  <f>  sin  <f>0^ 2  T  ia  cos  (f>A^2 
±m  sin  4>a^2P^2  )u±i  -F  (*or  cos  <f>  ±  2qT2  )^±i  ±  4ia  cos^a^n^j 
±2ia  cos  0/?T2u,±2  }  +  (~a?2  +  o2  c°s  2(f>  ?  2 ia  cos  </>aT2 
^fia  sin  0/3t2  )u±j  +  u±]  ±  2ia  cos^u^j  qp  ^2  {zasin0(a2 

AT2 

T2 ia  cos  </>qT2  -  <*^2  )u±l  T  lQ  sin  <£n±i  ±  2za  sin  <pa^ 2  n'±1  }j  ti^ 

+  [(-a^2  At2  +  a2aT2  -  a2  sin  <£  cos  <f>0^2  ±  2ia  cos  0(/8^2  ~  0^2 ) 
^2ia  sin  4>a^20^2  )u±i  +  (a2  T  2 ia  cos  <^aT2  T  ia  sin 


+  /3T2  -  aU)V±l  +  Q*2U±1  -  (/3T2AT2  -  «  COS2  0/?t2 

±2lO;COS0aT2^T2)u;±l  -  V±1  +  P?2  W±1  ]  ^2  ±  [-7^-10  cos  <f) 

J  LA^ 

Q  ^2  "I  *  11  r  (3  -t-q  f 

—  — - losing  t±]  fi?2  +  — - (2aT2n±i  ±  4iacos0QT2U±i 

A^2  j  LAT2 

±2iacos<t>P-f2w±\)  T  — ^-2io  sin  <?!>aT2  u±]  1 0^  +  [-^^-}(±ia3  cos  <f> 

AT2  J  LAT2 

2  __  o  ■“ 

+  2a  cos2(f>aT2  +  2ia  cos  <f>  sin  T  lQ  cos  <£AT2 

±jq  sin  4>o^2  0^:2  )v±i  +  (^ia  cos  <f>  +  2qT2  )v±i  ±  4ia  cos  <f>a^2  u'±\ 

±2ia  cos  <f>P^2w'±i  }  -  .  T-{±ia  sin  <f>(a2  T  2ia  cos <f>aT2  -  0L2  )^±i 

AT2 

Tia  sin  (pv1^  ±  2ia  sin  <£0^2  u'±1  }jfiT2  }  =  0  A. 
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APPENDIX  B 

SECONDARY  COMPLIANT  WALL  EQUATIONS 

B.l  Introduction 


In  Chapter  3  the  compliant  wall  model  was  introduced  and  the  corresponding 
boundary  conditions  were  derived  for  the  primary  and  the  secondary  instability 
problems.  A  thorough  derivation  was  presented  for  the  primary  wall  model  with 
a  final  listing  of  the  resulting  boundary  equations.  For  the  secondary  instability, 
a  few  of  the  equations  and  the  final  form  of  the  wall  equations  was  neglected  due 
to  the  size  of  the  equations.  In  this  section  a  complete  derivation  and  listing  of 
the  final  equations  is  given. 


B.2  Secondary  Wall  Equations 


We  begin  with  the  continuity  of  fluid  and  wall  motion. 


^  =  u(x,y,z,t) 

B.la 

dfl  ,  ,v 

—  =  v(x,y,z,t) 
at 

B.lb 

^  =  w(x,y,z,t) 

B.lc 

The  instantaneous  velocity  and  surface  displacements  are 


C  =  Co  +  A£]  +  B£  3 

and 

u  =  U0  +  Au\  +  Buz 

B  ,2a 

V  =  Vo  +  Am  +  By  j 

and 

v  =  Avi  +  B  vj 

B.2b 

C  =  Co  +  ^Ci  +  Bfa 

and 

w  —  WD  +  Awi  +  Bwz 

B  .2c 
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These  are  substituted  into  (B.l)  and  linearized  on  the  secondary  amplitude  B. 
We  find 

dii  _  ,  f  du3  du3  du3  duj  c )i/]  \ 

J5.3a 

dri3  f  dv3  dv3  dv3  dv3  dv3  dv3  1  „ 

-gj-  =  V,  +  >1  jj.—  +  ,'—  +  (,—  +  6-^  +  n—  +  |  B.3b 

dCz  TTr(  .  f-  3u;3  dw3  dw3  dw\  dw\  ,  diuj  1 

-5r-«.J+„H.+A|e1— +  „—  +  ci— +  | 


The  primary  and  secondary  normal  modes  for  velocities  and  surface  displacements 
are  given  respectively  as, 


=  E  * 


pima( z  cos  sin  <j>) 


for  m  =  ±1  and 


V3  _  e«ri+»/3(zC06  ^.-zsin  ^)-py(*cos  ^+zsin  4>)  ^  e«(»l/2)a(*  cos  ^+z  sin  4>)  q  tj 


The  relation  for  the  streamwise  and  normal  surface  displacement  is  given  as 


£  =  77tan0 


The  continuity-vorticity  relations  for  u  and  w  are  given  as 


—  t  ^ n  o  - 1  \ 

Un  —  (  A  ~  A  l’n^ 


B.7a 


l  Qn  A  Pn-t  . 

=  -(T-^n  +  —  Un) 

‘-'71  ‘-'71 


B  .76 
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The  relations  (B.4-7)  are  substituted  into  (B.3)  giving 


(crtan#  -  U'0)fjneN  2n  -  ^-v'n)eN 


+  A|(r?mtan^an  +  C mPn)(^Cln  -  ^v'n) 

+r)m(^Lti'n  -  xLv")  +  (tanfo'ma  cos  0um  +  u'm)fjn 
ZAn 


+ima  sin  4>umQn  \eN+M 


*}■ 


=vneN  +  (r?mtan0an  +  Cm0n)vn  +  r)mv'n 


+  (ta.n0ima  cos  4>vm  +  vm)i)n  +  im a  sin  (pvmC,n  fe 


N+M 


B.8a 


B  .8b 


<r(neK  =  -  (£■«.  +  +  W’i).eK 

(77mtan5a„  +  CmPn){^-^ln  + 

cF  *  3 

+V m(-7^-n'n  +  -—-£*)  -  (tzn0ima  cos <l>wm  +  u;^)^ 


-tma  sin</>ti;mCn 


}■ 


,N+M 


B.8c 


To  remove  the  spanwise  surface  displacement  variable,  an  equation  for  a 
balance  of  forces  in  the  spanwise  direction  is  introduced 


d2C  ,  d2C 

pmbdW  +  K,c~ElbJ^  =  T»* 


B.9 


From  the  stress  tensor  we  find 


Tyz  — 


1  ,dv3  dw3 
R{  dz  dy  ’ 


B.  10a 
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or  in  normal  modes 


jjifinVn  +  K)eN 


B.lOb 


Substituting  (B.7b)  gives 


B.lOc 


Equation  (B.9)  in  nondimensionalized  and  the  stress  relation  (B.10)  is  substituted 
giving 

C*  =  j(Pnin  -  ~n'n  -  ~~ t’n )/ ( Cm (j2  +  CKt  -  CrX)eN  B.  11 

This  is  substituted  into  (B.8)  to  give 


+  (<rtan<9  -  U'0)f]n}eN 

=  A<  (r/mtan 9an  +  -  ^-v'n) 

0  q" 

+  bm(-r~ ^ v")  +  (tan^ma  cos  <pum  + 

aa  n 

ima  sin  <j>um  -  .  on  J+Af  n  ,n  . 

+ - - - — -  —  t'n)  fe  B .12a 

R(Cm<t2  -f  Ck»  -  Ctz0u)  ^ n  ) 


(crfjn~vn)cN  =  A  |  (r?mtan^an  +  (m0n)vn  +  r)mvn 
+  (ta.u0ima  cc  -  <pvm  +  ) f]n 

. _ 'mo  sin  0vm _  -  On  a,  Pn  \  _N+M 


+ - - - - — a2-0*- Bub 

R{CMa2  +  CK,  -  CTz13J  An  j 
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^(PnVn  -  ^-n'n  -  4=-Vn)  +  (CM<T2  +  CK.  -  CTzpl)(^LCln  +  £z-v'n) 


Lj? 


A„ 


An 


N 


+  W0V »eA  -  -A(Ca*-<t2  4-  CK,  -  CTzPn)l  (r?mtan6*Qn  +  (m0n)(^~fin  +  ~u^) 

i.  An  An 


a 


P n  -ll 


+  *7m(  —  nn  +  •—  t>n)  -  (tandimo  cos  <f>wm  +  w'm)f)n 


An”n  '  A., 
ima  sin  4>wm 


-  a*:) 


„W+Af 


5.12c 


i?(CAf<r2  4-  C.R-,  —  CxzPn)  1 

The  equations  are  in  terms  of  normal  velocity,  vorticity,  and  surface  displacement. 
The  final  equation  is  introduced  co  remove  the  normal  surface  displacement  vari¬ 
able.  This  is  a  balance  of  forces  in  the  streamwise  direction 


d2  .  _  a4  _  _  d 4  d* 


r  di  d* 
pTnb7^+{Bx7Pi  + 


25, 


dt2  K  Xdx*  ’  ^Xldx2dz2  ’  ~2az4 

a2 


+  B*^n)cos  e  +  A'i 


~Exbdx 2  sin2  *]  %  =  ~P  COs2  *  +  Tyv  COs2  ®  +  T»*  sin  61  cos  6  B  u 


or  nondimensionally 


a2 

at2 


a4 

ax4 

a^ 

dx2 


a4 


fta-  +  (C**'5ZT  +  ~dx2 d~2  +  CBl  ^T^cos2  ^  +  C* 


a4 

al4 


jrj"  1 

_ CTx  ~dx2  S'q2  =  ~Pcos2  6  +  *vv  cos2  ^  sin  6  cos  0  5.14 
The  normal  stress  is  given  as 


2  dv 

Tyv  "  Rdy 


or 


-  _  £-i 

TVV  —  ftV*€ 


N 


5.15a 


5.156 


The  streamwise  shear  stress  is  given  by 


\  dv  du 

V  =  «(5I+  a?’ 


5.16a 


253 


In  normal  modes  and  replacing  u  by  the  appropriate  velocity-vorticity  relation 


(B.9a)  we  find 


f*x  ~  R(ani’n  A*  +  'n)eN 


5.166 


The  pressure  fluctuations  at  the  wall  are  found  from  the  linearized  streamwise 
and  spanwise  momentum  equations.  This  results  in  the  following  pressure,  in 
normal  modes 

&nP  °  +  Cx®n  +  “  ^i’n"  -  (U'o^n  +  ^r!,0n)Vn\eN 


+  A|(u  m^n  "4"  "4“  vmv"  -  (u'ma„  +  w’mpn)vn 

+ima  cos<f>(uman  +  wm/3n)(~-v,n  - 

A*  An 

+  ima  sin  </>(uman  +  wmPn)(^-v'n  +  ~On) \eN+M  B.  17 

An  An  J 

Substituting  the  normal  mode  relations  into  (B.14)  along  with  the  stress  and 
pressure  relations  (B. 15-17),  we  arrive  at  the  final  necessary  equation  to  complete 
the  boundary  conditions.  This  gives 

[CV<r2  +  (Cflzot  +  2Cj3xz  ®nPn  +  CBzP*n)  cos2  0  +  Ck 
-Cr*a2  sin2  $]fin AneN 

~  |  ~  a  +  +  C^nK’n  +  ^C’n  +  (K^n  +  W$n)vn 

Antantf  Qn  0nA,  2  nN 

- R — (  a“V»  ■  “»«»  -  >  cos"  6e 


-f  A|  (umQ„  +  wm0n)v'n  +  vm "  -  (u'man  +  w'mpn)vn 

+ima  cos (p(uman  +  wm0n)(^-vn  -  ~&n) 

An  An 

+  imot  sin  4>{uman  +  tnm/3n)(-^2-{4  +  •— Q„)  >  cos2  9eN+M  B.  18 

An  An  J 
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The  complete  boundary  conditions  are  the  system  of  equations  given  by 
(B.12,  18).  This  can  be  reduced  to  three  equations  in  terras  of  the  normal  veloc¬ 
ity  and  normal  vorticity  as  are  the  fluid  equations  of  motion.  For  the  reference 
frame  with  the  solution  given  by  (2.3.14),  WD  =  W°  =  W"  =  0.  The  remaining 
equations  in  this  reference  frame  are  determined  below. 


B.3  Subharmonic  Mode 

To  remove  the  normal  surface  displacement  variable  we  make  use  of  the  nor¬ 
mal  continuity  equation.  For  the  two  Fourier  modes  representing  the  subharmonic 
secondary  instability,  we  find 


=  A  <  (77itan0a_i  +  0&-]  )t>-i  +r?iu!_]  +  (tanfoa cos <t>vi  +  v[)f)-i 


ict  sin  4>V\  — 

+ - - - =2 - O3-!  *-1 

R{Cm° 2  +  CKt  -  CtzP„!  ) 


B.19a 


This  gives  two  equations  with  two  unknowns  )•  These  are  solved  simulta¬ 

neously  to  give 


cr2  +  A2  (tantfio  cos  4>v\  +  v\  )(tan0io  cos  <j>v-\  —  v'_} )  f}\  =  av ] 


+  Acr<  (77]tan^Q_]  +Ci/?_i)i>-i  -l-  t?! r>^_j 


20  sin  <pV]  -  a  o_ 2  A,  /?_,  N 

— 2  (/'  —  l  v—  1  T  Q  —  \  “  *T - ) 

+  CV,  —  Cr,  i  )  A-l  A-i 


R(Cm<?2  +  Ck,  -  Ctz(3_i  ) 


+  A(tan#20  cos  <pv\  +  vj)?)-]  -f-  A2(tan02o  cos  <pv\  +  v\ )  <  (r/_]tan^Oi 


+  C-i/?i)i>i  +  V-}v\ 

20  sin  4>v..\  -  .  oj  A,  /?, 

- zyr\p \v\  — : — 0, - ui  ) 

R{Cm<t2  +  Ctf,  -  CtzPi)  a 1  Al 


B  .20a 


o2  +  A2(t&n0ia  cos<£ui  +  i>i  )(tan0io  cos  <£u_]  —  v!_j)|t)_]  =  ctO_] 


-K4<t  j(77_]tan0Qi  -f  C-i/?i)t>i  +  r?_i  vj 

20  sin  4>v^\  oj  A,  aMx 

- =9~(Piui  — — n,  — -u, ) 

R(CM<T*  +  CK,-CTtf3  j) 


—  yl(tan^2a  cos  -  t/_j  )t)i  -  i42(tan^io  cos  d>v_]  -  ) 'S  (J7]tan0o_] 


+  Cl£_i  K'-i  + 

20  sin  <i)V\ 


R(CMv2  +  CK.  -  CTzP-i ) 


(Q  Q-J  <V  ^-1  -II  \ 

) 


B.206 
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This  gives  explicit  relations  for  ( J71 , 17—  1 ) .  These  are  then  substituted  into 
(B.12a,  12c  and  18)  to  give  six  equations  representing  compliant  wall  boundary 
conditions  for  the  Subharmonic  mode.  These  are  given  as. 


B.C.  1  and  2:  streamw’ise  continuity,  n  =  ±  1 


a2  +  A2(tan0ia  cos  4>v\  +  i/j  )(tan0ia  cos  4>v~i  —  v'_l)  1  5^ - — 

J  vA±i  A±i  ' 

+  (atnn8  -  U'0)  crv±\  +  Act  |  (r?±1  tanflo^i  +  (±1 )6=fi  +  r?±]  ^ 


msin0n±]  -  „  a?i  a,  .1 

± - - - ITT—  (0*1  -  T— n=Fl  -  A 

R(Cm<?2  +  Ck.  -  CtzP^i  ) 


±A(tan0ia  cos  cpv±i  ±  v'±i  )vT]  ±  A2(tan0ia  cosc^u-fc]  ±  v'±1  )|(r?T]  tan0a±] 


+  C=fi  )^±i  +  £±1 

la  sin  <t>v^  -  q±i  0±1  & 

■F  775  Vm±]  U±1  “  *7  “±1  —  *7  v 

R{Cm(t2  +  CK.  -  Ctz0±i  )  A±1  A±1 


*1.)} 


—  A  |^cr 2  +  A2(tan0ia  cosc£i?i  +  i/j  )(tan0iar  cos  -  i>'_j )  (t7±]  tanfla^i 


A*,  A*,  +J/  '"'A*,  +J  AtJ 


>osni()iu±i  .  a*i  PTi  , 

± - - - =2—  (0*1^1  -  — j  -  — «T1) 

R{Cm<t2  4-  Ck.  -  CtzP^i  )  A=Fl 


~n 


A^i  Ati 


q:  A(tan0ia  cos  <^u±i  ±  u±i )  +  Act  |  (77^1  tan^a±]  +C?i^±i)w±3  +  t?*]  *’±1 

msind>nTi  .  a±]  A,  0±]  1 

=F - =5—(P±\v±\  -  -r-^±\  ~  t  v±i ) j 

iZ(CMcr2  +  C*.  -  Ctz0±\  )  A±>  A±1  ^ 

TA(tan^ia  cos0t>Ti  ^  )tr±i  4  A2(tan0ta  cosdu’^i  T  ){ (q±i  tanAa^] 

—  ,  zasinfl!>u±i  — 

+  C±1  /?I1  )lVl  +  ’lil  ^  I  =2  \0=F  1  vTl 

R(Cmct 2  +  Ctf,  -  CtzP*  1 ) 


=0 


£.21  -  22 
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B.C.  3  and  4:  span  wise  continuity,  n  =  ±1 


cr2  +  A2(ta,n&ia  cos  4>v\  +  v\  )(tan#to  cos  (pv^\  —  d'_j  ) 


!a  c.  a±1  r>»  ^±3  ->/  i  ,  Q±2  A  ,  $ ±\  -/ 

•(P±]  ~  —  “±1  “  ~~7 — V±i  )  +  — — n±i  +  — V±i 

A±i  A±J  A±j  A±i 


R(Cmct2  +  Ck.  -  CtzP±i  ) 


+  ^{(^±1  tan^a^]  (±1  /3-p, ){~  I,.] )  +  r7±i  (•- —  -f  ■^1  v'^j ) 

A=]  T  Aii 


to  sin^tui.] 


TT,— (/?^i  v=fi  -  —Kl  - 
R{CMo2  +  CK,  -CTz0^) 


0 


«;,)} 


T A(ta.n0ia  cos  4>w±\  ±  w'±i ) 
to  sin  <pv^ j 


ffv^i  +  Acr[(r?Tltan^±1  +Cti/®±i)v±i  +  >7*1  *4i 


!  a  Q±1  A*  ^±1  -»  \1 

2  (P±i^±l  .  ^±1  ~  T  ^±])} 

8^, )  A±i  A±i  } 


R(Cm<t2  +  Ck,-CTz0‘±1 y~  '  A±1  ~  A±1 

^^(tan^ia  cos  4>v^.\  ^  )t)±i  A2(ta.n9ia  cos <pv^\  T  )|(T?±i  tanka’: 

to  sin  <t>v±-[ 


-K±i  0Ti  )u^i  ± 


R{Cmp2  +  Ck,  -  CTz%, ) 


~(0^i  v?i 


^  ATltTl)/ 


=  0 


B. 23  -  24 
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B.C.  5  and  6:  Force  balance,  n  =  rbl 


—2 


C m a2 +  {Cbx'®±\  +  2Cgzz  a±i  (3±l  +Cbz0± i  )  cos  9  +  C# 


sin'  0 


^±1 


cru*!  +  A£t|(t]±i  tan^Q^i  +  Cil/5*!  +  V±i 


la  sin  4>v±\  -  .  o^i  A,  PTi 

± - =r~ (^=fi  -  t — “ti  -  t— vTi); 

i2(Cj^2  +  Cr,  -  CTzP T1 )  A^ 

±A(tan#ia  cos  <t>v±\  ±1)^)0^!  ±  A2(tan0ia  cos  <f>v±\  ±  v^j  tan^a±i 


+  C=fi  P±i  )^±i  +  i'±\ 


ia  sin  cj>v 


qpl  t~  -  Q±3  r>i  ^±J  \l 

—(P±iv±l  n±1  ~A^V±i)i 


R{Cm°2  +  CKt  -  CTzP*±\ )  '  A±1 

a2  +  A2(tan0ia  cos^ui  +  v\  )(tan#ia  cos$u_i  -  v!_j ) 


2  _  1 

[— A±i  -  o  +  c*a±i  +  cz(5± iJwJt,  +  — i4'i  +  i®±i 

_  _±1  .±1  _  |iLn^  ,  _  A{  (U±1  oT1  +  U,11?T,  )v\ 

+  V±lV*l  -  (w±l«Tl  +W±l^Tl)^l 

"a  w5*3  .» 


±ia  cos  <t>{u±i  qti  +tu±i^Tl)(— — vT]  -  — — fl^i) 


+1 


±ta  sin<jl)(u±iaTl  +  w±i 0T1 )(— —  t>!pi  +  -r^~ 

/Wl  ’ 


cos2  9  =  QB.25  -  26 
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B.4  Fundamental  Mode 

The  same  procedure  is  performed  for  the  fundamental  mode  as  was  done  for 
the  subharmonic.  To  remove  the  normal  surface  displacement  variable  we  make 
use  of  the  normal  continuity  equation.  For  the  three  Fourier  modes  reprenting 
the  fundamental  mode  we  find 
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This  gives  three  equations  with  three  unknowns  ( ) -  These  are  solved  si¬ 
multaneously  to  give 


a  <x2  +  2A2(tan#ia  cos<f>V}  +  fj)(tan^ia  cos  (pv_i  —  v'_1 )  7?2 

=  <r2  +  2A2(tan0za  cos  4>v\  4-  v\  )(tan0ia  cos  )  v2 

+  A^(T]1tsmffa0  +  (,\P0)v0  +  ViK 

ict  sin^ui  a0  - ,  /?0  -n.\ 

+ - - - —(P0V0  -  —  tto  -  ~T~  vo  )  / 

i?(CW  +  Cj^  _cr^J  A°  A°  JJ 

-f  A(tan0ia  cos^Di  +  Vj)  av0  +  Aa  j(77itan0a_2  +  Cl  P -2)^-2 

,  la  sin^ui  -  .  a_2  P-2  ...»  x 

+  ^lf_2  H - - {P —2  v—2  ~  T  “-2  ~  A  v-2  ) 

R(CMci  4-  CK,  -  Crz/3_2)  a-2  a-2 

(?7_l  tanfla2  +  C-l/^)^  +  ^2 

lasin^-i  .  a2<v  ^2  Ai*\\ 

- - - ~{p2v2  -  T~n 2  -  T~U2  )/ 

id(CM<r2  +  Cx,  -Ctz^2)  Az  A2 

4-A(tan0ia  cos  4>v\  +  )t>_2  4-  A2(tan0ta  cos^tq  +  v\ )  I  (t7_j  tan0ao 


+  C-1  Po)io  +  v-l  V0 
ia  sin  4>v-\ 


R(Cm<t2  4-  Ck,  -  CtiP0 ) 

-A(tan^io  cos^u_i  -  v'_1  )t>2 


/~n  -  Po  «M\ 

r=r(PoVo  -  -  x~l’o) 


-A2(tan0ia  cos<t>v _j  -  v’_} ) |(r?i  tan^Q0  +  (,\P0)i'0  +  ViK 


iq  sin  4>v\  -  .  a0  - ,  P0 

+ - —{Po**  -  -r-no  -  t-O 

R(Cmv2  +  cK,  -  cTzP0)  a°  a° 


B.28a 
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and 


a2 +  2 A2  (tantfia  cos  4>v}  +  v\  )(tan#ia  cos  <f>v_i  —  v'_}) 

-f  Acr|(r7itan^a_2  +  Ci  /?— 2  )^— 2  +  V\v'_2 
ia  sin  4>V\ 


rjo 


+  ■ 


32  (P-2^-2  -  ~r  ^—2  “ 

R(Cm<t2  +  Ck.  -CTzl 3_2)  A-2 

(*?-i  tan^Q2  +  C-i  /?2  )^2  +  rj- 1  S2 

m  sin  a2  - ,  p2  „ 


R(CMo2  +  CKt~CTzP2) 


r^~(/^2^2  -  3—^2  -  -3-^2)} 
a  \  A2  A2  -* 


+  ^4(tan#m  cos  4>v\  +  v[ ) 


v~2  +  a[(t]_i  tan#a0 


+  C-l/?0)u0  +  T?_!  v0 
ia  sin  cj>v^\ 


-  A(tan0ia  cos  4>v~\  -  v,_j ) 

+  Cl  Po^o  +  ThK 


(15  -  a°  rV  Po  \  \ 

-2^  (/Vo  A-  V®  1 

0+2  +  A 


R(Cm* 2  +  C*.  -  CrX)  '  "  '  A°  °  A 


+  ■ 


i  a  sin  4>v\ 


R{Cmo 2  +  Cjc,  -  CTz0o) 


<~n  -  Qo  pi  Pq  tii  \  \ 
~2^°  0  A-n°  A„  o)/ 


(ri>0 


B.2Sb 


t>[^l 
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and 


a 


o-2 +2  A2  (tarn#  i  a  cos^uj  +  v\  )(ta.n9ia  cos  —  t/_j ) 


V-2 


a2  4-  2A2 (tanf?za  cos  <t>v\  -f  v[  )(tan Qia  cos  <t>V- 1  -  ) 

+  ^{(j?_itan^a0  +  <_i/?0)t0  +  V-i  K 


V-2 


ia  sin 


R(Cm(?2  +  Cjc,  -  Ctz0o) 
—  A(tan#m  cos  4>v^\  —  t/_j ) 

ia  sin  4>v\ 


<~a  -  a°  o'  ‘"\\ 

^  - -vj} 


av„  4-  .4(7 1  (T/i  tan0a_j  +  0  0_2  jt-_2  +  'n  £'ls 


+ 


tH  -  a-2  A/  K-2  -//  \ 

( 0-2v-2  -  ~T  ^-2  -  7  r’— 2) 

A_2 


0-2  .» 
A-2 


R(Cmv 2  +  C/f,  -  CTz0-2  ) 

(V-\  tan0a2  +  C-i  /?2)*2  +  62 

- .OSta^ - ^ 

R(CMcr2  +  Cjr#  -  CTz02) 

+  A(tan0ia  cos  <^>ui  +  t/])t>_2  +  A2(tan0m  cos  0t>]  +  tan0Qo 


+  C,-\0o)vo  +  V-\v\ 


-V 

o 


ia  sin<^>v_] 


Ay0  U)} 


R(Cm° 2  +  CK,  -  CTz0o) 

—  A(tan0ia  cos  <£v_]  —  v'_x  )i>2  —  A2(tan0ia  cos  —  v'_}  )|  (77]tan0ao 


+  Cl  0o)Vo  +  VlK 


+■ 


ia  sin  <$>V\  aD  P0  \ 

=5-(/?^---n„ -—»j} 


R(Cm<t2  +  Ck,  -CTi(30) 


5.28c 
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This  gives  explicit  rel**’ons  for  ( r)o ,  J?dh2 ) ■  These  are  then  substituted  into 
(B.12a,  12c  and  18)  to  give  nine  equations  representing  a  compliant  wall  boundary 
conditions  for  the  fundamental  mode.  Since  the  above  relations  for  fj  are  quite 
large,  we  will  give  the  boundary  conditions  prior  to  substitution  of  fj.  These  are 


B.C.  1  and  2:  streamwise  continuity,  n  =  ±2 


2“£±2  _  +  (<rtan0  -  U'0)f)± 2  -  A  j(r?±1tan0ao  +  C±i t30){~Cl0 

~~T~K)  +  ^±1  ~  -r~v")  ±  (tanflia  cos<£u±i  ±  u'±1  )t)0 

± - 7  — — - —(p0v0  -  ~n'0  -  =  0  B. 29  -  30 


R{Cm<7 2  +  Cjc.  -  CTz0o) 


B.C.  3:  streamwise  continuity.  n=0 


+  (CTtan0  ~  ^0)^0 

-A<  (r/j tan0a_2  +  C1/L2  “  ~~v'_2) 

(  A_2  A_2 

■hf/i(  \~2~  ^-2  -  — —v'_2 )  +  (tanOio  cos  +  n )^_2 
A_2  A_2 


ia  sin d>U]  -  ,  a_2  A,  P_2  , 

H - ^2 - (P-2^-2  -  - - fl_2  -  — - V_2) 

R{Cm<T2  +  CKt  -  CtzP-i)  ^-2  ^-2 

+  (77_J  tan0a2  +  C-i^2)(t^^2  -  ~-t>£) 

A2  A2 

+  V-i  (-t^- ^2  ”  ~Z~^2  )  “  (tan^i’a  cos  <^>iz _j  -  u'_  1  )t)2 
A2  A2 

ia  sin<i>7'_]  —  .  a2 

- - - — - ^(/?2U2  -  ~n'  -  -2-6J)  =  0  5.31 

R{Cmct7  +  Ck,  -  Ctz/32)  ^2  A2  J 


0-2  -// 
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B.C.  4  and  5:  spanwise  continuity,  n  =  ±2 


-^(P±2i}±2  ~  2^-^±2  ~  ^^^±2)  +  {Cmp"1  +  Ck,  -  CTz  0±2)(~2-£l±2 

+  ^-^±2 )]  +  Mcm<72  +  Ck,  -  CTzp ±2)j  (t?±]tan0ao  +  (±\730)(^r-&o 

^  A0 

+  T£"^)  +  ^±1  ( “r~^o  +  -r-v")  T  (tan 6ia  cos  <f>w±  1  ±  ti4i  )r)0 

a-^o  4-^0 


ia  sin  4>w±  1 


R{CMa2  +  Cji:,  -  CtzPo) 


_ 2  (@0^0 


B. 32  -  33 


B.C.  6:  spanwise  continuity,  n=0 


cr  — 


Q 


0o 


j;(0o<>o  -  - -K  -  jf-K)  +  (Cm^2  +  Ck,  -  CTzpl)(^n0  +  Zs-i,'0) 


0O 


R 

*  v  ~  u  •— u 

+  A{CMa2  +  Ck,  -  CtzP\)\  (7?itan^o_2  +  Ci/?_2  H-7— ^-H-2  +  — -u!_ 

(  A_2  A_2 

Of _ 2  a  f  ft _ 2  // 

+  t?i  ( ^  1  n_2  +  ^ — 1)_2 )  —  (tanflia  cos 4>w\  +  w\)fi-2 
_ _ (Ti  .  0.2  0_2 

R{Cm^2  +  C/T,  -  CTz02_2)  a-?  A-2 

+  (r/_itan^a2  +  C-i +  ~v2) 

A2  A2 

+  r/_i  (  't~^2  +  ~^2  )  +  (tan^ia  cos<^u/_i  -  )fi2 

A  2  A  2 

io:sin^u;_i  —  02  - ,  /?,  „  1 

+ - - — ~r(P2h  -  -r~n2  -  ~^)  ?  =  o 

R{Cmv2  +  Ck,  -  CtzP2)  ^2  ^2  J 


B  .34 


265 


B-C.  7  and  8:  force  balance,  n  =  ±2 


[Cjif(7  +(C,£iQ:;j;2  +  2Cbxz  a±2&±2  "t"  Cl3zP± 2  )  COS2  # Cjf 

-CTxa± 2  sin2  <9]r)±2  A±2 

~  ^  I  ^±2  ~~  °  C*a±2  +  cz/^±2  ]  ^±2  ^”^±2  +  U0a± 2  ^±2 

A±2  tan# ,  q+2  <1  I  „ 

- - ( aI7^2  " Q±2*±2  “  Al7a±z) f cos  6 


(u±i ot0  +  W±i0o)v'o  +  V±\V "  -  (u±ja0  +  w’±]p0)v0 
±iacos<t>(u±1a0  +  w±1(3o)(^v0  -  ^ Cla ) 

±ia  sin  0(u±]ao  +  w±iP0)(^-v'0  +  f  cos2  0  =  0  B. 35-36 

A0  Aa 
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B.C.  4  and  5:  span  wise  continuity,  n  =  ±2 


~n  (/^±2  *±2  ~  ~  4^*  *>±2)  +  (C'A/C2  +  Ctf,  ~  C'rz/?i2)(T^‘^±2 

it  A±2  A±2  A±2 


^±2  -f  \i  ,  i  /~»  rP  \  J  / _  ,  /•  n  \t 


+-£-^v±'z)]  +  A(Cm<*  +  CK$  -  CTzP±2)yji±itiin6(x0  +  C±i Po)(-£~^lo 

+  ir-v0)  +  *7±i  (-r-ti'o  +  T -K)  T  (tan^ia  cos  ±  u4i  )r)0 


i2(CAfcr2  + 


iq  sin<t>w±x  -  .  a0A(  p0  ,„  \ 

— - —(PoVo  -  —n'0  -  -z-v’j)  > 

72  +  Ck,  -  CtzPo)  A 0  A 0  1 


£.32  -  33 


B.C.  6:  spanwise  continuity,  n— Q 


-ji^PoVo  -  ~  ^K)  +  (cM<r2  +  CK.  -  CtzPI)(^-&o  +  ^K) 

+  A(Cm<t2  +  Ck$  -  CtzP20)\  (r?itan0a_2  +  Ci/?_2  )(-^-n_2  +  ^~v'_2 ) 

[  A_2  A_2 

Ot—2  *  /  P  — 2  ii 

+r?i(  — — fi_2  +  -  v_ 2 )  -  (tan0iacos<pu;i  -f  w\)r)_2 

A  _2  A  _2 

ia  sin  0wi  .  a_2A,  P-2  ,j,  s 

- - {p_2v-2  ~  ~T - ’  ’-2  —  ~T - u-2  ) 

£(Cjif<72  +  C*,  -  Crz  P-2  )  A~2  A~2 

—  C*9  -  Bn  , 

+  (T?-i  tan0a2  +  C-i/?2)(-r^fi2  +  -^-v2) 

1^2  A  2 

+i7_i  (-^n2  +  ~v2 )  +  (tarsia  cos  -  u/_j )t;2 

A2  a2 

iq sin</>U)_i  .  Q2  A,  02 

H  -  ^2~(P2v 2  ~  T- ^2  ~  T“ u2  )  (  —  0  5 

R{Cm°2  +  Ck$  -  CtzP2)  Az  Az  j 


£.34 
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B.C.  9:  force  balance.  n=0 


\CM^  +  {Cbzo\  +  2 CBxz  a\Po  +  CBz~K)  COS2  6  +  Ck 

-CTtal  sin2  B]i)0&.0 


~  |  ~  a  +  c*Qo  +  cz0oWo  +  +  u’0cc0v0 


A0tan#  .  a0  „  3n  - ,  1  „ 

- ^ — i^~vo  ~  a»v0  -  — f20)  f  cos2  6 


+A<  (uiq_2  +  u>i/3_2)v'_2  +  v\v'!_2  -  (u'j a_2  +  w\0_2)v 


+ia  cos  <£(uia_2  +  u>i/3_2  )(-—-n'_2  -  ~~tl^2) 

A -2  A_2 

+iq  sin  </>(u1q_2  +  m0-2)(~-vi2  +  -~.fi 2-2 ) 

A_2  A_2 

+  (u_i  a2  +  W_]  /?2)^2  +  U-1  t>2  -  (uf_l  02  +  tn!_]  /?2)t>2 

-tacos<^(u_iQ2  +  -  -—^2) 

A2  A2 

-tasin^(u_ia2  +  tt>-i/?2)(-— ^  +  t^)  7  cos2  0  =  0 

A2  A2  I 


-2 


P.37 
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APPENDIX  C 

CHEBYSHEV  SERIES  FORMULAS 


C.l  Introduction 


In  this  section  a  listing  of  the  formulae  that  were  necessary  for  this  thesis  is 
given.  The  first  section  gives  the  definition  and  listing  of  the  Chebyshev  polyno¬ 
mials.  The  second  section  gives  an  example  of  how  to  represent  a  known  function 
by  a  Chebyshev  series. 

C.2  The  Chebyshev  Series 

The  Chebyshev  polynomials,  T„(x),  are  defined  on  the  interval  x  6  [— 1,  +  1] 
and  are  derived  from  and  related  to  the  cosine  function  bv 

Tn(cos  0)  —  cos  n0  C.l 

with  the  initial  few  polynomials  appearing  as 

T0(x)  =1 
T](x)  =x 
T2{x)  =2x2  -  1 
T2(x)  =4x3  —  3x 

etc  (C.2) 

The  following  trigonometric  identity  can  be  obtained. 


cos(n  +  1)0  =  2  cos  0  •  cos  n0  -  cos(n  -  1)0 


C.2 
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This  results  in  a  Chebyshev  recurrence  formula  for  higher  order  polynomials. 


Tn+ 1  (x)  =  2xTn(x)  -  T„_]  (x) 


The  product  formula  is 


Tn{x)Tm(x)  —  —  [rn+m  (x)  +  T|n_m|  (x)] 


and  the  indefinite  integral  relation  is 


J  Tn(x)dx  = 


Ti(x)  n  =  0 

\  (T0(x)  +  T2(x))  n  =  1 

1  f  (x)  (g)  1  „  v  n 

2  [  »+l  n-1  J  71  -  Z- 


The  series  boundary  conditions  for  a  polynomial  of  order  n  are 


r»(±i)  =  (±l)w 


and  the  differential  relation  for  Chebyshev  polynomials  at  the  boundaries  is 


■rm(±  1)  =  (±i)n+'  n^2  -  k7)i{2k  +  \). 


Another  efficient  relation  useful  when  performing  the  summation  of  a  Cheby¬ 
shev  series  to  determine  a  functional  value  of  x  is  given  by 


N  1 

/<*)  =  £  =  -  l».(i)  -  Mi)] . 
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where  the  prime  signifies  that  the  leading  term  is  to  be  halved.  The  recurrence 
system  required  to  evaluate  (C.8)  is 


bn(x)  =  2x6n+i  ( x )  -  bn+2  (x)  +  an 


C.  9 


f>N+ 1  (x)  =  btf+2  (x)  =  0- 


A  Chebyshev  formula  useful  in  approximating  a  known  function  in  a  Cheby- 
shev  series  can  be  defined  as 


N 

$(x)  =  ^2  V* Tn(x),  C.lOa 

n= 0 

where  $(x)  is  a  known  function.  The  coefficients,  <t>n  ,  are  given  by 

2  N 

<f>n  =  j['Z"$(xk)Tn(xk)  C.lOb 

k=  0 

with 

k  7T 

it  =  cos—  for  k  =  0,1,2,  C.lOc 

The  double  prime  on  the  summation  signifies  that  the  leading  and  trailing  co¬ 
efficients  are  to  be  halved.  This  approximation  of  a  known  function  is  required 
for  the  Blasius  profile  and  the  primary  eigenfunctions.  As  an  example,  the  Bla- 
sius  profile  will  be  represented  by  the  series  after  listing  the  remaining  general 
formulae. 

The  final  Chebyshev  property  that  will  be  given  prior  to  listing  practical 


integral  formulae  is  the  approximation  of  the  differential  of  a  known  function  in 
Chebyshev  series.  The  derivative  is  given  by 
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4>'(x)='£bnTn(x)  C.lla 

n=0 

where 


bn 


2_ 

Cjl 


E 

P=n+1 

p+nodd 


Pap 


and 


n  =  0 
n  >  0. 


C.116 


C.llc 


The  coefficients,  an  ,  are  obtained  from  the  series  approximation  to  the  known 
function,  <p(x). 

To  obtain  the  solution  of  a  differential  equation  by  a  Chebyshev  series  ap¬ 
proximation,  it  is  convenient,  although  not  necessary,  to  convert  the  differential 
equation  to  an  integral  form.  As  such,  a  function  is  represented  by  the  following 
finite,  Chebyshev  series. 


N 

<*>(x)=£'an  rn(x)  C.12 

»=0 

By  applying  the  integral  relation  (C.5)  appropriately  and  repeatedly,  the  following 
relations  are  obtained. 


where 


-  N+\ 

1 4>{x)dx=  £'&n:rn(x) 

n:=0 


fen  =  —  (<*n-i  -  an+i  )  for  n  >  1 
in 


C.13a 


C.136 
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with 
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u(x)  =  £  'unTn{x) 


c.nb 


1  1 

dn  =  -Undo  +  - J  +  itm+n  )am  for  Tl  >  0  C.l7c 


Integrations  are  performed  in  a  straight  forward  manner  using  the  integral 
relation  (C.5).  The  following  integral  relations  prove  useful  for  the  problem  pre¬ 


sented  in  this  thesis. 


where 


.  N+i 

1.  J  u(x)<fi(x)dx  =  '  dnTn(x) 


1  1  v- 

dn  —  ~  (un— 1  ~  ^n+l  )Qo  +  ~  ^  1  (u|m-»+l|  ~  u|m— n-1] 


C.18a 


+  Um+n— J  ~  Wm+n+1  )«m  for  Tl  >  1  C.186 


f  f  *+2 

2 ■  J  j  u{x)4>(x)dx2  =  '  dnTn(x) 


C.l9a 


where 


ttn-2  _  “n  uM-2  V'' 

8n(n  -  1)  4(n2  -  1)  8 n(n  +  1).  a° 


^|m— n+2|  "f"  um+n— 2 

8n(n  —  1) 


^m+n  +  u|m— n|  ,  u|m— n-2|  "h  ^m+n+2  , 

- - — — —  _j_  _j - L - - -  a  for  n  >  2 

4(n2  -  1)  8n(n  +  1) 


C.19a 
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ttt  *j;3 

3jJJ  u(x^x>)dxZ  =  2 '  d*T*(x) 


C.20a 


where 


^  ^n— 3  3un_j  3un4] 

n  ,16n(n  —  l)(n  —  2)  16n(n  +  l)(n  —  2)  16n(n  —  l)(n  +  2) 


1 6n(n  +  l)(n  +  2) 


+  E 


n+3|  "h  um+n— 3  3(li|m_n_j.]|  +  Hm+ii-1  ) 


[  16n(n  —  l)(n  -  2)  16 n(n  +  l)(n  -  2) 

3(u| 

m— n— 1|  ^m+n+l  )  u\  m— n— 3|  +  Um+n+3  )1 


16n(n  —  l)(n  +  2) 


16n(n  +  1  )(n  +  2) 


am  for  n  >  3  C.20& 


*  ////  u(i)<?l>(x)di4  =  53  '  dnTn(x) 


C.21a 


where 


•  I  H - X  » 

”  |.32n(n  —  l)(n  —  2  )(n  —  3)  8n(n2  —  l)(n  —  3)  16(n2  —  l)(n2  —  4) 

_ ttn+2 _ _ ttn+4 _ 

8n(n2  -  l)(n  +  3)  32n(n  +  l)(n  +  2 )(n  +  3).  °° 


Eu|m— n-H|  4"  Um+n— 4  ^|m— n+2|  ^m+n-2  3(ti|m_n|  +  Um+n  ) 

.32 n(n  —  l)(n  -  2)(n  —  3)  8 n(n2  —  l)(n  —  3)  16(n2  —  l)(n2  —  4) 

771=1 

^  1 771-71  —  2 1  +  Um+n+2  u  |m— n— 4|  +  Um+n+4  1 

8n(n2  -  l)(n  -  3)  +  32n(n  +  l)(n  +  2 )(n  +  3)  °m  or  n - 


These  relations  replace  the  appropriate  terms  in  an  integral  equation  inorder 
to  obtain  a  solution.  The  integral  formulae  require  the  order  of  the  Chebyshev 
terms  to  begin  with  the  order  of  the  integral  equation.  The  proof  of  this  will  not 
be  given  here,  but  can  be  found  in  Gottlieb  and  Orszag  (1977). 


274 


C.3  Approximation  of  the  Blasius  Froflle 


In  this  thesis,  the  solution  to  the  Blasius  equation  is  necessary  and  is  rep¬ 
resented  by  a  Chebyshev  series.  To  attain  this,  an  accurate  means  of  obtaining 
a  numerical  solution  is  first  necessary.  In  the  similarity  variables  the  governing 
equation  is  an  ordinary  differential  equation  of  the  form 

/"'  +  \ff"  =  0  C.22 

where  (  )'  =  -£-  and  the  appropriate  boundary  conditions  are 

/( 0)  =  /'( 0)  =  0  ,  lim  f\y)  -  1,  C.23 

y—*oo 

where  the  derivative  of  f(y)  is  the  streamwise  velocity.  Using  a  shooting-type 
method  with  a  Runge-Kutta  integration  scheme,  the  initial  condition  satisfying 
the  streamwise  velocity  limit  can  be  found.  This  results  in 

/"( 0)  =  0.3320573362185815  .  C.24 

The  discrete  points  desired  in  the  Chebyshev  domain,  z  £  [—1,  -I-  1],  are 
transformed  to  the  Blasius  variable,  y  £  (0,oo),  via  the  algebraic  transformation 


y  =  L-{  1  +  y)/{y) 


C.  25 


with 
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y  =  yRex  *  C. 26 

where  y  is  the  physical  coordinate  with  domain  [0,oo).  The  solution  obtained  at 
the  desired  points  are  then  transformed  back  to  the  computational  domain  using 
the  inverse  of  (C.25).  Taking  the  solution  of  a  function(i.e.,  the  Blasius  solution), 
F(z),  given  at  all  points  in  z  €  [-1,  +  1],  a  Chebyshev  expansion  of  such  is  sought. 

N 

F{z)=  Yt’fMz)  C.  27 

n=0 

The  prime  signifies  that  the  leading  term  of  the  series  is  to  be  halved.  An  exact 
solution  is  obtained  for  A'  — *  oo.  For  a  series  expansion,  the  function  must  be 
evaluated  at  the  Chebyshev  points 

Zi  =  cos(iri/N)  i  =  0,1, 2,. ..,1V  .  C.28 

The  series  at  these  points  is 

N 

F(zl)  =  Y,'fnTn(zi)  .  C.29 

»=0 

Using  the  relationship  between  the  Chebyshev  polynomial  and  the  cosine  function, 
a  curve-fitting  formula  can  be  obtained.  Thus,  the  coefficients  can  be  computed 
using 

2  N 

f.  =  TF  £"/(*)?•„(*,) 

i=0 


C.30 
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where  the  double  prime  signifies  that  the  leading  and  trailing  terms  of  the  series 
are  to  be  halved.  With  the  identity 

Tn(zi)  =  cos(imi/N)  C.  31 

the  desired  form  of  the  curve-fitting  formula  is  obtained.  Making  a  substitution 
of  (C.31)  into  (C.30),  the  following  results 

2  N 

fn  ~  Jj  f(zi)cos(*ni/N)  ■  c  32 

»=o 

By  making  use  of  (C.32)  with  (C.27),  the  Chebyshev  series  representation  of  a 
function  can  be  computed  to  a  desired  accuracy  by  taking  N  to  be  large. 

The  solution  of  the  Blasius  equation  represented  by  a  Chebyshev  series  is  at¬ 
tained  with  this  curve-fitting  formula.  Additionally,  for  the  secondary  instability 
calculations,  the  primary  wave  components  are  represented  by  a  Chebyshev  series 
in  the  same  manner  as  the  Blasius  profile  described  above. 


APPENDIX  D 

NUMERICAL  ALGORITHMS 
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D.l  Introduction 

In  this  section,  numerical  algorithms  or  techniques  that  were  used  in  this 
thesis  will  be  listed. 

D.2  Routines 

The  following  is  a  5th-order  Runge-Kutta  method  given  by  Luther  (1966). 
He  referred  to  this  as  a  Newton-Cotes  type.  This  is  given  as 

!/»+i  =t/„  +  {7  ki  +  7k3  +  32  +  12fc5  +  32fc6}/90, 

fci  =h/(xn,yn), 
fc2  =hf{xn  +  h,yn  +  fc]), 
k3  ~hf(xn  +  h,yn  +  {fcj  +  k3}/2), 
k4  =hf(xn  +  h/4,  yn  +  {14fcj  +  5 k2  -  3fc3}/64), 
fc5  =/i/(x„  +  h/2,yn  +  {  —  12fci  -  12fcz  +  8 k3  +  64Ar4}/96), 
k6  =hf(xn  +  3h/4,  yn  +  {-9 k3  +  5k3  +  16fc4  +  36Jt5}/64).  D.l 

where  h  is  the  step  size.  A  number  of  routines  are  available  for  usage.  This  is 
listed  for  completeness  only. 

Used  for  the  shooting  approach  to  find  the  zero  were  Newton  and  three- 
point  inverse  Lagrange  interpolations  listed  by  Burden  and  Faires  (1985)  and 
False  Position  method  listed  by  Gear  (1978).  These  are 


Newton: 


=  a,  -  ( a;  -  ai_j  )  — 


_A, _ 

-  A»- 1 


D.2 
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False  Position: 


Inverse  Lagrange: 


Q»'+i 


-  A,-]  a; 

Aj  Ai_] 


D.  3 


ai+ 1 


a,  A,_i  Aj_2 


+ 


<*i- 1  A,A,_2 


(At-  -  Ai_!  )( A;  -  A,_2  )  (Aj_i  -  AOCA,.!  -  Ai_2  ) 
Oi_2  A,A,_] 


(Ai_2  -  A,)(Ai_2  -  A,-_i ) 


DA 


where  aj+i  is  the  eigenvalue  for  the  next  iteration  (i  +  1)  and  A  is  the  matrix 
determinant  of  the  numerical  vector-asymptotic  matching  which  goes  to  zero  as 
a  converges  to  the  proper  eigenvalue. 

To  solve  the  complex  system  of  equations  for  the  unknown  constants  to  deter¬ 
mine  the  eigenvectors  and  to  determine  the  determinant  of  a  matrix,  two  routines 
are  employed  from  the  Press  et  al.  (1986).  These  are 


LUDCMP-LU  decomposition 
LUBKSB-Solves  a  linear  system 

Additionally  the  following  routines  were  used  from  IMSL  version  9.2.  These 
are 


LEQTIC-Solves  a  linear  system  (and  inverts  a  matrix) 
EIGCC  -Determine  eigenvalues 
From  IMSL  version  10,  the  following  routines  were  used. 

DLSLCG  -Solves  a  linear  system 
DEVLCG  -Determine  eigenvalues 
DLINCG  -Inverts  a  matrix 


In  some  circumstances  a  cubic  spline  was  used.  This  is  determined  from  the 


following 

(x\  x\  *,\  f  Al  r  P!  ' 

I  x\  x\  x2  I  \  B  >  =  <  p2  >  P.5a 

V  x|  xf  X3  /  [  C  1  P3  , 

where  are  the  locations  for  the  spline  and  pi  are  the  function  values.  These 
equations  are  solved  simultaneously  to  obtain  the  coefficients 

_  P3l]  -  Pi  Eg 

^  —  2  2 

—  X3X1 

_  P2X1  -  P\x\  -  C(x2xf  -  Xl_x|) 

Xj  x| (xj  -  x2) 

Pi  —  Cxj  —  Pxj 

A  =  -3 

X1 

Additionally,  the  following  Simpson’s  rules  were  used 

J  f(x)dx  =  +  4/(xj)  +  /(x2)]  —  ^/(4))  (0  D -6 

where  xc  <  (  <  x2 

/*4  2/l  8/l^ 

f(x)dx  =  —[7 /(*.)  +  32/(x,)  +  12/(x2)  +  32/(x3)  +  7/(x4)]  -  — /(6)  (C) 

— o 

D.  7 


D.56 

D.5c 

D.5d 


where  x0  <  C  <  *4- 
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APPENDIX  E 

A  PROPOSED  FORMULATION  FOR  THE 
TURBULENT  BOUNDARY  LAYER  PROBLEM 


E.l  Introduction 


In  this  section,  we  will  propose  an  approach  to  model  the  near-wall  structure 
of  an  incompressible  turbulent  boundary  layer  over  a  flat  wall.  This  approach  is 
novel  since  it  provides  an  efficient  means  to  model  the  large-scale  and  small-scale 
structure.  Additionally  compliance  is  introduced.  This  approach  complements 
the  work  of  this  thesis  and  with  little  effort  can  be  directly  implemented  into  the 
existing  primary  and  secondary  instability  codes.  This  is  by  far  not  a  complete 
discussion  of  the  turbulent  boundary  layer  problem,  rather  a  proposed  model  and 
outline  of  solution. 

In  this  discussion  a  derivation  of  the  governing  equations  is  given.  The  as¬ 
sumptions  and  any  necessary  discussion  is  given.  The  derivation  of  equations  was 
taken  from  Reynolds  and  Hussain  (1972),  or  R&H.  We  have  chosen  their  discus¬ 
sion  as  a  reference  since  it  is  a  complete  analysis  and  they  give  a  few  different 
closure  approaches  for  the  large-scale  dynamic  equations  of  motion.  Additionally 
they  provide  an  initial  means  of  comparing  the  rigid  and  compliant  walls.  R&H 
performed  a  two-dimensional  study  while  we  extend  their  analysis  to  allow  for 
three-dimensional  waves. 

Keeping  with  the  notation  of  R&H,  an  instantaneous  quantity  is  given  as 

/  =  ?+/  +  /'  E.l 

where  /  is  the  mean  (or  time-averaged)  contribution,  /  is  the  periodic  large-scale 
structure  and  /'  corresponds  to  the  small-scale  turbulent  fluctuation.  A  phase 
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average  of  the  quantity  is  defined  as  the  average  over  a  large  ensemble  of  points 
having  the  same  phase  with  respect  to  a  reference  oscillation  (e.g.  the  vibrating 
ribbon).  A  phase  average  of  (E.l)  is  given  by 

</>=/  +  /  E.2 

The  phase  average  <>  neglects  the  small-scale  background  turbulence  and  ex¬ 
tracts  the  organized  large-scale  motion  from  the  total  signal.  As  a  result  of  time 
and  phase  averaging  the  following  useful  properties  are  found. 


<  /  >=  0 


/  =  0  /'  =  0E.3a 


<  fg  >=  o  <  fg  >  =  <  fg  >E.3b 

T7^  =  l  Tg'  —<  fg'  >E.3c 

Although  physically  this  may  be  unconfirmed,  the  last  term  states  that  the  orga¬ 
nized  periodic  motion  and  background  turbulence  are  uncorrelated. 

To  define  the  equations  of  motion  for  the  mean  flow,  large-scale  organized  mo¬ 
tion,  and  small-scale  background  turbulence,  we  begin  with  the  nondimensional 
Navier-Stokes  equations. 


fg  =  fg 

<7>=7 


du{ 

dii 


dui  diii 

— —  +  Ui  — — 
dt  }  dij 


-  0 


dp  1  <?2u,- 

+ 


EA 

E.  5 


dii  Rs  dxjdij 

The  length  scale  6  may  be  taken  as  the  boundary  layer  thickness  and  the  velocity 
scale  is  the  mean  freestream  velocity  Ua 0.  The  Reynolds  number  is  Rf  =  UooS/i/. 
The  above  equations  are  assuming  incompressible  constant-property  flows.  We 
follow  the  decomposition  of  (E.l),  so 


Ui  =Uj  +  ttj  +  n|- 

Pi  =Pi  +  Pi- 1-  P'i 


E.  6 
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This  relates  to  our  secondary  instability  analysis.  We  can  denote  the  following 
similarity 

m  =  m  +  u,  +  u[  =  u0  -f  uj  +  U3  E.7 

Other  similarities  between  the  laminar  and  turbulent  problem  will  be  given  as  we 
proceed. 

E.2  Organized  Large-scale  Motion 


The  equations  for  the  large-scale  motion  are  found  by  substituting  (E.6)  into 
(E.4,  5).  The  phase  average  results  in 

=  =  =  o  e.s 

dxi  dxi  dii 


dui 

aT 


3u,-  _  dii,-  dili  d  ,  , 

+  Ui - l-U ; - h  U,- -  -f  -  <  U:U;  >  -f 

3  dxj  3  dxj  3dxj  dxj  '  3 


a 


d2U{ 


=  _  (It  +  It)  + 

ax,-  dn  Rsoijdxj 


+ 


dxj 
d2ui 
dxj  dx 


(u.uj) 

) 


E.9 


If  we  take  the  time-average  of  (E.9)  we  obtain 


u  i 


dui 

diy 


SL  +  -  i® 

di{  Ri  dxjdij  dxj  *  3 


£.10 


This  is  the  equation  for  the  usual  mean  momentum  equation  with  the  addition 
of  a  Reynolds  stress  —  u;u;-  of  wave-induced  motion.  This  gives  the  effect  of  the 
waves  on  the  mean  motion.  Subtracting  (E.10)  from  (E.9)  gives 


dui  _  diii  _  du,  dp  1  d2u< 

dt  +  U;  dxj  dij  dxi  R6  dxjdij 

Q  Q  - 

+  ~(^ij-  UiUj)  +  —(<«'--  <  >) 


£.11 
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Equations  (E.8)  and  (E.ll)  describe  the  organized  wave.  There  are  terms  in 
equation  (E.ll)  that  are  not  known.  These  are  terms  that  are  the  difference  be¬ 
tween  the  phase  and  time-averages  of  minus  the  Reynolds  stress  of  the  background 
turbulence,  or 

fij  =<  u'iUj  >  £.12 

fij  can  be  thought  of  as  the  oscillation  of  the  background  Reynolds  stress  due  to 
the  passage  of  the  organized  structure.  Since  there  is  no  means  to  relate  f;;-  to  u; 
there  is  a  closure  problem  in  the  equation  for  the  disturbance. 

To  see  the  importance  of  these  terms  R&H  developed  the  dynamic  equations 
for  fij .  They  showed  that  the  closure  problem  becomes  more  serious  with  the 
introduction  of  additional  unknown  terms.  Various  terms  in  the  equation  for  fij 
are  of  order  ,  so  that  even  weak  organized  motions  should  expect  oscillations  in 
fij  of  comparable  magnitude.  This  suggests  that  fij  should  not  be  neglected  in 
the  solution  of  (E.ll).  RfcH  show  energy  considerations.  Namely  that  fijdui/dxj 
represents  an  energy  drain  to  the  turbulent  field  by  the  motion  of  the  wave  Ui. 
The  wave  tries  to  sustain  itself  with  its  own  Reynolds  stresses,  but  is  broken  down 
by  the  change  that  the  wave  itself  produces  in  the  background  turbulence. 

E.3  Linearized  Equations  for  the  Organized  Motion 

In  the  linearized  analysis  we  neglect  higher  order  terms  in  Ui,  but  retain  terms 
fij  because  we  expect  it  to  be  of  importance  to  first  order.  Although  the  boundary 
layer  growth  may  be  of  importance,  we  assume  for  convenience  that  the  mean  flow 
is  parallel  and  homogenous  in  the  streamwise  and  spanwise  directions.  The  mean 
flow  is  given  by  u;  =  (if], 0,0).  This  is  similar  to  the  laminar  problem.  We 
can  arrange  the  mean  flow  in  a  similarity  profile  with  a  Reynolds  stress  forcing 
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term.  In  the  laminar  boundary  layer  we  assume  a  constant  profile  while  the 
mean  turbulent  boundary  layer  profile  is  allowed  to  vary  with  the  organized  wave 
motion.  This  will  be  further  explained  in  the  final  section. 

The  coefficients  of  the  linearized  equation  for  £,•  depend  on  x2  only  and  hence 
yield  a  normal  mode  solution  which  are  exponentially  dependent  on  X]  ,13  and  t. 
We  might  infer  a  normal  mode  wave  solution 

/=  +  c.c.]  £.13 

2 

/  represents  the  complex  amplitude  of  the  quantity  /.  a  and  (3  are  the  stream- 
wise  and  spanwise  wavenumbers.  Substituting  (E.13)  into  the  continuity  and 
momentum  equations  give 


iau\  +  Du  2  +  t/?u3  =  0 


£.14 


and 


ffi.l 

f  «2 

(  — tcj+tauj )  < 

1  *  1 
1  U2  1 

>  +  Du\  <  0  ► 

{  «3  J 

l  0  , 

-tap  ) 

-Dp  ^ 
-i(3p  J 


+±(d2  -  a2  -  0*) 


U2 

K  J 


(t'afn  +  Z?fi2  +  i(3fn  \ 
tar2)  +  Dfi 2  +  t/?r 23  I 
t'af3i  +  Dfz 2  +  i(3fzz  ) 


£.15 


where  D  =  djdx 2.  By  eliminating  the  pressure,  substituting  in  72  =  a2  +  P2, 
and  introducing  normal  vorticity  the  following  equations  result  in  terms  of  normal 
velocity  and  vorticity. 


[(aui— u>)(£2  -  72)  -  a£>2U}]u2  +  -~(D 2  -  ~t2)2ui 

its 

+iD(a2ru  +  2a/?f]3  +  P2f33)  +  t72Z?f22 
-(D2  +  72)(«n2  +  Phi)  =  0 


£.16 
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and 

-%-{D2  -  72)n2-i(Q'Ui  -  u j)Q2  -  i/3Dui£i2 
Ks 

+ap(ru  -  f33)  -  (a2  -  /?2)f13 

—i(/3Dr12  -  aDrz2)  =  0  E.  17 

The  system  to  solve  results  in  the  Orr-Sommerfeld  and  Squire’s  equations  for  the 
normal  velocity  and  vorticity  with  the  addition  of  the  oscillating  Reynolds  stress 
terms  fi;- .  To  solve  this  system  one  needs  to  find  a  closure  scheme.  The  boundary 
conditions  are  such  that  far  away  from  the  wall  the  disturbance  vanishes,  or 

U2,u\,h2  -*  to  as  x2 —*  oo  E.  18 

At  the  wall  the  compliant  wall  equations  hold  or  at  the  rigid  wall 

u2  =  u'2  =  h2  —  0  at  y  —  0  JE7.19 

As  with  the  laminar  boundary  layer  problem,  we  regard  u>  as  real  and  fixed  and  7 
is  the  complex  eigenvalue  for  the  spatial  analysis.  For  temporal,  u>  is  the  complex 
eigenvalue  and  7  is  real  and  specified. 

E.4  Closure  Schemes 

In  this  section  we  introduce  the  two  closure  schemes  that  R&H  used.  These 
are  used  only  as  a  starting  point  for  this  approach  and  are  not  necessarily  the 
best  to  provide  closure.  For  the  first  approach  we  assume  that  the  viscosity  is 
constant  throughout  the  boundary  layer.  This  is  not  a  bad  assumption  since  R&H 
found  that  the  variable  viscosity  and  constant  viscosity  give  similar  results  and 
the  differences  were  negligible.  Also,  since  the  problem  is  complex  enough  with 


the  addition  of  compliance,  we  may  elect  to  assume  that  the  viscosity  is  constant. 
In  the  dynamic  equations  of  motion,  this  results  in  a  modified  Reynolds  number 
only. 

The  simplest  model  is  referred  to  as  the  “quasi-laminar”  model  which  implies 

fij  =■  0  £.20 

This  implies  that  we  are  solving  the  Orr-Sommerfeld  and  Squire’s  equations  with 
the  mean  turbulent  velocity  field  11] .  This  assumption  indicates  that  the  turbu¬ 
lence  only  affects  the  wave  through  the  mean  velocity  profile  and  not  the  turbulent 
stresses.  Although  R&H  showed  that  this  model  does  not  adequately  describe  the 
behavior  of  the  waves  in  turbulent  shear  flows.  It  may  have  a  distinct  advantage 
for  the  compliant  wall  problem.  The  solution  over  compliance  can  be  compared 
with  the  solution  invoking  the  next  closure  scheme  which  accommodates  for  the 
Reynolds  stress  influence.  This  may  show  the  effect  of  compliance  on  the  Reynolds 
stresses  and  whether  the  stresses  have  a  significant  effect  on  the  wave  development 
over  a  compliant  wall  for  the  turbulent  problem. 

The  second  model  we  choose  might  be  referred  to  as  the  Newtonian  eddy 
model.  The  model  goes  back  to  Townsend  (1956)  who  suggests  that  persistently 
strained  turbulence  should  develop  an  equilibrium  structure  that  depends  on  the 
type  of  strain  and  not  the  strain-rate  magnitude.  Lighthill  (1956)  proposed  a 
constitutive  equation  for  the  turbulence  structure,  based  on  Townsend’s  data. 
Lumley  (1967)  suggested  a  similar  model  which  depends  on  a  memory  parameter 
and  spatial  awareness  parameter.  He  showed  that  the  departure  from  isotropy  is 
due  to  the  inhomogeneity  in  the  strain-rate.  If  the  strain-rate  inhomogeneity  is 
of  a  sufficient  scale  and  its  rate  of  change  is  slow  then 
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is  a  good  approximation  where 

-  din  duj 
dij  dxi 

and 

f  =  -  (MSn  /Su  Ski ) 

This  assumes  that  the  wave  causes  an  oscillation  in  the  turbulent  structure  and 
not  its  energy.  We  now  have  (E.21)  which  is  referred  to  as  the  Newtonian  eddy 
model.  This  is  substituted  into  (E.16)  and  (E.15) 

The  general  wave  equations  for  both  models  becomes 


[(qui  -  u 0(T>2  -  72)  -  oD2u1]£t2  +  —  (D2  -  72)2u2  +  =0 

itf 


E.  22 


and 


Rs 


(D2  -  72)S72  -  t(auj  -  u)fl2  -  ipDuiUi  +  B2 


£.23 


where  the  B{  are  found  from  the  closure  models 

(i)  Quasi-laminar:  B\  —  B2  =  0 

(ii)  Newtonian  Eddy  Model: 


Bi  =t  — (£2  -  72)2u2  +  2i—  (£3  -  72£>)ti2  +  *—  (I>2  +  72)u2 

}f  V  V 

b2  -~{d2  -  72)fi2  +  ~dCi2 

V  V 


where  =  l/Rt  is  defined  as  the  local  eddy-viscosity  of  the  mean  flow.  Be¬ 
fore  we  discuss  the  handling  of  the  eddy-viscosity  variable  and  the  mean  flow, 
the  equations  for  the  small  scale  background  turbulence  will  be  discussed. 
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E.5  Background  Turbulence 


The  approach  for  the  background  turbulence  is  the  same  one  used  for  the 
secondary  instabilities  discussed  earlier  in  this  thesis.  The  instantaneous  velocity 


is  given  as 


Ui  =  u,-  -f  Aiii  +  Bu'i 


where  A  and  B  are  the  amplitudes  of  the  large-  and  small-scale  mechanisms. 
Substituting  into  the  Navier-Stokes  equations  and  subtracting  out  the  mean  and 
large-scale  motion,  the  following  equation  results 

du  •  _  du[  _  du[  ,  dui  .  dili 

TT+Uia^  +  Auia^  +  n‘Tx J  + 

dp '  1  d2u\  d  ,  ,  ,  , 

~~dTi  +  R{  dxjdxj  +  ITx U{Uj  >  ~U{U^  E’25 


~  0  E. 26 

dii 

This  gives  the  dynamic  equations  for  the  small-scale  turbulent  component  of  the 
flow  field.  This  is  the  same  form  as  given  for  the  secondary  instabilities  in  the 
laminar  boundary  layer  with  the  addition  of  the  last  two  terms  in  (E.25).  This  in 
fact  is  the  phase  averaged  Reynolds  stress  and  Reynolds  stress  of  the  small-scale 
turbulence.  As  with  the  large-scale  motion  we  are  using  a  linear  analysis.  Since 
the  last  tw’o  terms  of  (E.25)  are  higher  order  in  it (■  they  are  neglected.  So  in  fact  we 
find  that  there  is  no  closure  problem  found  for  the  background  turbulence.  What 
remains  are  precisely  the  same  equations  as  governed  the  secondary  instabilities 
in  a  laminar  boundary  layer.  The  difference  lies  only  in  the  treatment  of  the  basic 
flow  which  in  this  case  is  the  mean  turbulent  flow  and  large-scale  organized  wave 
motion.  The  mean  turbulent  flow  and  eddy-viscosity  are  introduced  in  the  next 
section  along  with  an  approach  to  solve  the  turbulent  problem. 
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E.6  Turbulent  Shear  Flow 


It  is  well  known  that  the  mean  turbulent  velocity  profile  on  a  rigid  wall  is 
composed  of  a  (1)  wall  law,  (2)  log  law  and  (3)  wake  law.  As  a  first  approximation 
to  the  mean  flow  we  use  an  empirical  relation  given  in  Landahl  (1967)  as 


where 


u+  =  — ln(l  4-  «J/+)+7 


l-exp(-^)-^exp(-0.33y+) 


7T 


+  1.3v.  jl  +  sin— (2y  —  1) 


E.  27 


y+  =  yUrlv  =  ujuT  y  =  y/6 


k  =  0.4  7  =  7.4 


This  is  a  combination  of  models  by  Reinhardt  (1951)  and  Coles  (1956).  The  fric¬ 
tion  velocity  is  chosen  from  experiments  or  specified  so  that  =  0.999  at 

y  =  1.  In  choosing  the  later  approach,  the  results  compare  well  with  Andreopou- 
los,  Durst,  Zaric  and  Jovanovic  (1984). 

An  eddy- viscosity  model  was  given  by  Cebeci  and  Smith  (1974).  This  is 
given  as 


7  ="y,|3F»1  + 


=0.0168 


(1  +  0.55  )R9H 


1  +  0.55(1  +  exp(-.2432]/2  _  .293z)j 


o  <  y  <  3/c 

ye  <y  <  *> 


E.  28 


where  z  =  R$f 425  -  1,  A+  =  26,  and  k  =  0.4  R&H  found  that  it  made  little 
difference  if  a  constant  or  variable  eddy-viscosity  was  used. 
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E.7  Numerical  Approach 

We  could  solve  the  problem  in  this  manner  described  as  such.  With  the  mean 
velocity  profile  and  eddy-viscosity  model  given  above  the  large-scale  organized 
wave  can  be  obtained.  The  results  of  the  large-scale  can  be  used  to  feed  the 
mean  profile  which  in  turn  is  used  to  re-solve  for  the  organized  wave  motion.  The 
number  of  cycles  required  needs  to  be  determined.  Initially  assuming  one  cycle 
is  sufficient,  spectral  and  shooting  methods  have  been  implemented  to  determine 
the  organized  wave  using  the  above  mean  turbulent  velocity  and  eddy-viscosity 
profile.  The  local  method  proves  to  be  very  efficient  computationally  so  a  number 
of  further  iterations  may  be  performed.  The  spectral  and  shooting  solutions  show 
agreement. 

The  background  turbulence  can  be  found  by  the  approach  used  for  the  sec¬ 
ondary  instabilities  in  the  laminar  boundary  layer  problem.  The  assumptions  of 
periodicity  in  the  large-scale  motion  are  similar  to  those  of  the  primary  waves 
in  laminar  boundary  layers.  Additionally,  we  could  assume  that  the  small-scale 
growth-rates  are  much  greater  than  the  large-scale  organized  wave.  For  the  back¬ 
ground  turbulence,  the  turbulent  mean  and  large-scale  wave  represent  the  basic 
flow  for  the  background  turbulence.  This  can  be  fed  into  the  secondary  instability 
code  to  provide  a  means  to  solve  for  the  small-scale  background  turbulence. 

The  approach  should  be  solved  for  the  rigid  wall  and  compared  with  other 
numerical  solutions  and  experimental.  Then  compliance  can  be  introduced.  This 
approach  is  computationally  efficient  compared  to  DNS  and  neglects  only  the 
higher  order  terms  in  the  equations.  This  model  will  be  implemented  and  dis¬ 
cussed  in  a  future  investigation. 


